Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



BIBLIOGRAPHIC RECORD TARGET 

Graduate Library 
University of Michigan 

Preservation Office 

Storage Number: 



ABN8183 

ULFMTBRTaBLmT/C DT 07/18/88 R/DT 07/18/88 CC STATmmE/Ll 

010: : I a 04009775 

035/1: : | a {RLIN)MIUG86-B47615 

035/2: : |a (CaOTULAS)160037359 

040: : | a RPB | c RPB | d MiU 

050/1:0: |aQA555 |b.G2 

100:1 : I a Gaskin, Thomas, | d 1811-1887, 

245:04: | a The solutions of the geometrical problems, | b consisting chiefly of 

examples in plane co-ordinate geometry, proposed at St. Jolin's college, 

Cambridge, from Dec. 1830 to Dec. 1846. With an appendix, containing several 

general properties of curves of the second order, and the determination of the 

magnitude and position of the axes of the conic section represented by the 

general equation of the second degree. | c By Thomas Gaskin. 

260: : | a Cambridge, | b J. & J. J. Deighton; [etc., etc.] |cl847. 

300/1: : javiii, 263p. [b diagrs. onSfold. pi. |c23cm. 

650/1: 0: | a Geometry, Analytic | x Problems, exercises, etc. 

998: : | c RSH | s 9124 



Scanned by Imagenes Digitales 
Nogales, AZ 

On behalf of 

Preservation Division 

The University of Michigan Libraries 



Date work Began: _ 
Camera Operator: _ 



y Google 



y Google 



y Google 



THE SOLUTIONS 



GEOMETRICAL PROBLEMS, 



EXAMPLES IN PLAM CO-OEPINATE GEOMETRY, 



ST JOHN'S COLLEGE, CAMBRIDGE, 
FROM Dbo 18!» TO Dko. 1846. 



AN APPENDIX, 

CONTAINING SEVERAL GENERAL PROPERTIES OF CURVES OF THE SECOND 

ORDER, AND THE DETERMINATION OF THE MAGNITUDE AND 

POSITION OF THE AXES OF THE CONIC SECTION 

KEPKESKNTED BY THE GENERAL EQUATION 

OF THE SECOND DEGSEE. 



BY THOMAS GASKIN, M.A., 

E FELLOW AN]) TUTOR OF ,1RSUS C0H,FS1!, CAMBRIDGE, 



CAMBRIDGE ; 

J. & J. J. DEIGH'TON; 

LONDON: JOHN W. PARKEB. 



y Google 




Gfamitribge : 

Vtlntcn at Iftt auidJtBilj; iBtea 



y Google 



WILLIAM CaACKANTHOKPE, Es< 



IS INSCRIBED AS A TESTIMONY OF THE HIGHEST RESPECT 



AND ESTEEM, 



AND AS A GRATEFUL ACKNOWLEDGMENT OF 



NUMEROUS AND EXTENSIVE OBLIGATIONS 



CONFERRED UPON 



THE AUTHOR. 



yGoosle 



y Google 



PREFACE. 



The Examination Papers which the Author has select- 
ed for solution in the present Treatise have been proposed 
in the several years from 1830 to 1846 to the students of 
St John's College at the end of their fourth term of resi- 
dence, and according to the plan which he adopted in the 
solution of the Trigonometrical Problems, he has endea- 
voured to place them before the reader in a proper form 
for the inspection of the examiner. The problems are 
sufficiently varied in their character to exercise the 
student in the ordinary properties of the straight line, 
circle, and conic sections ; they have been proposed by 
some of the most distinguished members of the society ; 
the generality of the results are remarkable for their 
neatness and simplicity ; and except in one instance it is 
needless here to malie any further comment. 

In Question 6, Dec. 1833. (No. IV), it is required " To 
inscribe in a circle a triangle whose sides or sides produced 
shall pass through three given points in the same plane." 

This problem has been solved analytically in a most 
ingenious and elegant treatise, entitled " Researches on 
Curves of the second order" lately published by Mr Hearn, 
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wlio remarks that it was proposed by M. Cramer to M. de 
Ciistillon, and that Lagrange has given a purely analytical 
solution which may be found in the memoirs of the 
Academy of Berlin (1776). The problem then being one 
of acknowledged difficulty, the author hopes that the first 
Appendix in which an analytical solution has been given 
when a conie section is substituted for the circle, will not 
be entirely devoid of interest. 

The case of the three different conic sections has been 
separately considered, and the author has afterwards still 
further generalized the problem, by inscribing in a given 
conic section, a polygon whose n sides taken in order shall 
pass through n fixed points. 

A simple and concise geometrical solution of M. 
Cramer's problem has been extracted from " The Liver- 
pool Apollonius by J. H. Swale," and inserted in the third 
Appendix ; and when the triangle is to be inscribed in a 
conic section, the problem has been reduced to that of 
inscribing in a circle a triangle whose three sides shall 
pass through three fixed points, -so as to afford a com- 
paratively simple geometrical solution in the more general 
case. 

Some apology may be considered necessary for the 
introduction into the second appendix of two different 
methods of determining the magnitude and position of 
the conie section represented by the general equation of 
the second degree. 
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By transferring the equation to the focus the author 
has endeavoured to point out the change which takes 
place when the curve approaches to a parabola ; and on 
that account he has deduced the latus rectum and the 
co-ordinates of the vertex of the parabola from those of 
the ellipse in its transition state. 

The reduction of the equation to the focus led to the 
forms which have been determined for the elements of 
the curve ; and it was afterwards found that most of them 
might be obtained more briefly by the polar equation 
from the centre. 

In the case of oblique co-ordinates the expressions 
are remarkably symmetrical, and are placed in such a 
form that the reader may perceive at once their con- 
nexion with the corresponding results when the co-ordi- 
nates are rectangular. 

In the latter part of the second appendix the author 
has endeavoured to trace a conic section geometrically 
as far as it appeared practicable, by the determination of 
a successive series of points when five points of the curve 
can in any manner be found. 

A remarkably simple construction for a tangent at 
one of the five given points has been obtained (Art. 89) ; 
a tangent has also been drawn from a given point without 
the curve ; and the position of a point in the conic section 
in any proposed direction has been determined by its 
points of intersection with a given straight line. 
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In a subject which for ages has exercised the skill 
and ingenuity of the most profound mathematicians, little 
can be expected which is really original ; but as only a 
very small portion of the matter in the appendices has 
been met with by the author elsewhere, even if he may 
have been anticipated in any or all the properties which 
are inserted, it is extremely probable that the proofs now 
given will be widely different from any which have been 
hitherto published. 

A reference has been made in several places to an 
edition of Euclid lately published by Mr Potts, in which 
will be found much valuable information ; it is well de- 
serving the attention of every one who wishes to study 
Geometry. 

T. G. 
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GEOMETRICAL PROBLEMS. 



ST JOHN'S COLLEGE. Dec. 1830. (No. I.) 

1. Parallelockams upon the same base and between 
the same parallels are equal to one another. 

2. Of unequal magnitudes, the greater has a greater 
ratio to the same than the less. 

3. If the diameter of a circle be one of the equal sides 
of an isosceles triangle, the base will be bisected by the cir- 
cumference. 

4. The line joining the centres of the inscribed and cir- 
cumscribed circles of a triangle subtends at any one of the 
angular points an angle equal to the somidifference of the other 
two angles. 

5. Find a point without a given circle, such that the 
sum of the two lines drawn from it touching the circle, shall 
be equal to the line drawn from it through the centre to meet 
the circumference. 

6. If a circle roll within another of twice its size, any 
point in its circumference will trace out a diameter of the first. 

7. If from any point in the circumference of a circle, 
a chord and tangent be drawn, the perpendiculars dropped 
upon them from the middle point of the subtended arc, are 
equal to one another. 

8. If a, 13, y represent the distances of the angles of a 
triangle from the centre of the inscribed circle, and a, b, c the 
sides respectively opposite to them, then 

a^a + /3'6 + Y^c = abc. 

9. Describe a circle through a given point and touching 
a given straight line, so that the chord joining the given point 
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and point of contact, may cut off a segment capable of a given 
angle. 

10. Shew that the perimeter of the triangle formed by 
joining the feet of the perpendiculars dropped from the angles 
upon the opposite sides of a triangle, is less than the perimeter 
of any other triangle whose angular points are on the sides of 
the first. 

11. Explain what is meant by the equation to a curve; 
find the equation to a straight line, and state clearly the 
meaning of the constants involved. 

12. Trace the circle whose equation is 

a {w^ + f") + &^ (,^ + j) = ; 
draw the lines represented by the equations 
y' - 2a:ij seca + a- = 0, 
and shew that the angle between them is «, 

13. The portion of a straight line intercepted by two 
rectangular axes, and the perpendicular upon it from their 
intersection are each of given length ; what is the equation to 
the line ? 

14. Find the equation to an elhpse, and deduce that to 
the parabola from it. 

15. Find the co-ordinates of the point from which if 

three lines bo drawn to the angles of a triangle, its area is 
trisected. 

16. In the last question, the (distance)' from the angle A 
of the required point - - ib'^ + v" . 

17- If the centre of the inscribed circle of a triangle be 
fixed, and a, /3, y represent the distances of its angles from 
any fixed point in space ; then whatever position the triangle 
le, the expression a^a 4- ^*6 + y^c is invariable. 
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GEOMETRICAL PBOBLBMS. KO, I. !W.C. 1830. o 

SOLUTIONS TO (No. I.) 

1. Euclid, Prop. Sn, Book i. 

2. Euclid, Prop. S. Book v. 

3. Let JB, AC (tig. 1) be tlie equal sides of an isosceles 
triangle ; upon jtB describe a semicircle cutting the base BC 
in D; join JD: then z. ADB is a right angle <=i.ADC\ 
also z ABD = L ACD, and AD is common to the two tri- 
angles ABD, ADC, .-. BD = DC. 

4. Let ABC (fig. 2) be a triangle, d, D the centres of the 
inscribed and circumscribing circles ; draw DE, de perpen- 
dicular to AB> and join AD, Ad: then 

z ADE = 1 z ADB = l C ■, 

or z 7)^i; = C = C = - - ; 



.-. ^DAd^ lDAE- LdJe= ^^—. 

In like manner it may be proved by joining DB, dB, 
DC, dC that 

^DBd = ^—^, and iDCd=^^—^. 

2 2 

If Z B be less than lC, I. DAd will be negative, which 
shews that AD would in that case lie below Ad; and so of 
the rest. 

5. Let D (fig. 3) be the required point in any diameter 
ACB produced ; DE a tangent drawn from D ; then 
DE' = DA . DB, and DA = ^DE, 
.: DA' = i^DF/ = 4Z»J . DB or DA = 4DB ; 

hence AB = 3 BD, and BD = -;;- , 

which determines the position of the point D. 
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6. Let C (fig. 4.) be the centre of the Jarger circle ; A the 
original point of contact of the two circles ; let the inner circle 
roll until P hecomes the point of contact ; join CP and bisect 
it in 0; then CP is the diameter, and O the centre of the 
inner circle PQ,C when P becomes the point of contact. Let 
the circle PQ,C cut AC in Q, and join OQ ; then 

'2P0 
.-. arc PQ = —— arc PA - arc PA ; 

.■. Q is the point which originally coincided with A, and it is 
in the radius AC; hence the locus of the point Q is the 
diameter which passes through A. 

1. Let AB (fig. 5) be a chord and AT a tangent at the 
point ^ of a circle; C the middle point of the arc AB ; join 
AC, CB and draw CM, CN perpendicular to AB, AT re- 
spectively ; then 
CM= CA sin z CAT= CA . sin A CBA = CB . sin z CBA = CM. 

8. Let A, B, C be tho angles of the triangle respectively 
opposite to the sides a, h, c, and r the radius of the inscribed 
circle; then 



C 



hence a^a + /3°6 + y^c = t 









C\'i 



siaC"" l) 

sin A sin B sin C 
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X area of A ABC 



9. Let P (fig. 6') be the given point, and JB the given 
straight line ; draw PC parallel to AB, make Z CPD = the 
given angle, and let PD meet AB in D ; hisect DP in E, and 
(Jraw Zfi^j £/' respectively perpendicular to AB, DP meeting 
each other in F; with centre i^ and distance PD describe a 
circle; this will pass through the point P and touch the 
straight line AB i and L PDB = the angle in the alternate 
segment cut off by DP = Z CPD = the given angle. 

10. Let h, c (fig- 7) be two of the angular points of the 
triangle which is required to be of the least possible perimeter ; 
a the remaining angular point in the side BC; then ba + ca 
will be least when I Cab = LBac. (Potts' Euclid, p. 9()3.) 

Now if a be the angular point properly determined, and b 
the angular point in the side AC, then ac + cb is least when 
I Bca '^ jijcb: similarly, if a, c be two angular points of the 
triangle, ab ■\- ho will be least when L Abc = I Cba: hence 
the perimeter of the triangle abo will bo the least possible 
when Z Cab = ABac% ^Cba = £ Abe, and ^Acb^ iBca. 
Now if Aa, Bb, Cc be drawn from the angles A, B, C per- 
pendicular to the opposite sides respectively, the circle described 
on the diameter AC will pass through the points c, a, because 
the angles AcC, AaC are right angles ; hence 

LAac = lACc = - - A, and Bac = '^ - Aac = A. 
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b GEOM ETHICAL 

Similarly, the circle describeci on the diameter AB will pass 
through the points b, a; and Z Aab — L ABb = J ; 

.-, LCab=- - Aab = A, or LBac = LCab\ 

similarly, Z Cba = L Abe, and Z Acb = z Bca ; therefore the 
triangle abc has the least possible perimeter. 

11. See IIymehs' Co^ic Sections. Art. l.=J. 



\ SaJ \ 2"/ 2a 

the equation to a circle the co-ordinates of whose centre are 

, , and whose radius = —j^- - Hence if A,v, Ay 

2a' 2a' ^/2a 

(fig. 8) he the co-ordinate axes, take AD, BC each = , 



it will pass through A and meet the axis of x in the point D 
such that DB = BA ; 

and LACB = LDCB = -; .: LACD = -; 
4 2 

hence AED is a quadrant of the circle having the chord pro- 
duced for the axis of .v. 

(9) Since y^ - 2.vi/ sec a + a;'' = 0, we have 

g)"-2seca| + (KCo)'.(U,.a)'; 

?/ f a\ 

■ •. - = sec a J= Ian « = tan 4,^ ^ - ] ■, 
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GEOMETRICAL PROBLEHS. NO. I. DEC. J 880. 7 

which are the equations to tivo straight lines passing through 
the origin and indined at angles 45 + - and 45 — respectively 
to the axis of a?; hence the angle between them 



13. Let (fig. 9) be the origin; JB the straight line 
meeting the axes of a; and p in the points A, B respectively ; 
draw OP perpendicular to AB and let AB = «, OP = h, 
OA = m, OB = n ; then equation to the line JB is 

m 11 
where m^ + «' = a', and »»« =2 A JOS = AB . OP = ab; 



i=\/a' + Qab, m -n = A-s/d' -2a.b; 
= i (\/a^4- 2al) =!= \/a^ - 2ab), 



and 9«= ± (\/a= -f Sab =f s/a' ~2ab); 
therefore if 

\/d' + %ab+\/a:^~9.ab = 2a, and \/ a^+^ab -'^ar-Sab-SJi, 
we have m = ± a, or ± /3, and the corresponding values of n 
are ± ^, ± « ; hence i - ± ^ = I, or i ^ ± * = I ; each of 

which equations will give the equations to four straight lines 
by the four combinations of the double sign ±. If OA, OA', 
OA", OA'" be taken each equal to a, and OB, OB', OB", OB'" 
each equal to yS ; then AB, BA", A"B", B"A ; A'B\ B'A'", 
A"S" , B"A' will be the straight lines required. 

14. See Hymers' Conic Sectioks. Art. 104. 
The equation to the ellipse is 

y< - (1 - «•) (-1^?^ « - »•) = 2y (I + e) * - (1 - «•) .«■■ ; 

and when e = 1, y" = ipx, which is the equation to the para- 
bola. 
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15. Let P (fig. 10) be the required point within the 
triangle ABC; join AP, HP, CP and produce tliera to meet 
the opposite sides in «, b, a respectively : then 

A APB = \AB.Pc.%mPcB = ^aACB 

= ^gi^AB. Cc. sin PcB), 

.: Pc = ^; similarly, Pb =?^^ and P«=4^. 

Join ae, then PC^SPc, PA =2 Pa, 
and Pa : Pc :: PA : PC, 
or ac is parallel to AC, and 

Be : BA :: ca : CA :: Pc : PC v. 1 : 2; 
.*. BA = 2 Be, and the side BA is bisected in C ; and in like 
manner it may be proved that a, b are the middle points of 
BC, CA respectively. Draw PM parallel to AC, then if AB, 
AC be taken for the co-ordinate axes, and w, y be the co- 
ordinates of P ; 

\AC; 



PM : 


AC :: Pc 


: Co, 


or PM 




and AM : 


MP : 


: Ac : c 



.-. .v : y :: - : - and * = -^ = - . 
■^ 2 2 b 3 

16. Let PA = a, then Aa = '-^: and since BC is bi- 

2 

sected in a, 

2Aa'-i-ZBa^= AB' + AC, or — - + ~^b'+cU 

17. First let P (tig. n) be a point in the piano ABC, 
O the centre of tlie inscribed circle wliose radius is )■; join 
PA, PB, PC, PO, AO, BO, CO ; then if PA - a, PB . ji, 
PC = y, ^AOP^e, ive liave 
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o'o + /3'6 + 7'V = (I i-PO' + JO'-SPO.JO.eoa POA) 
+ b iPO' + SO' -2P0.B0. cos PO-B) 
+ c (PC? + CO' - 2P0 . CO . cos POC) 
= (a + 6 + o) PO' + a.JO' + b. BO' i- e . CO' 
-sPOia.JO.cosPOA + b.BO.casPOB + c.CO.cosPOC) 
= (<. + 6 + o)PO' + oic 



-c„,9H-i.-~jCo.(^9+.., ^ ^ 
— Sin— 






(from Quest. 8) 

= (a + 6 +c)i'0- + abc 



= {a + b + c)PO' + abc 



ar { A „ f . C B C . B\ J 

^iPO . - ----<cos — cos^ - sin— cos— + cos— sin— msi)} 

sinJ\ 2 \ ^ 2 Q 2/ j 

ar I A . B^C\ 
= (a + 6 + c)P0*-h aftiJ-iPO^— (cos--sin^^ cos 9 

= (« + & + c)PC»- +abc. 



Nest let P be witSiout the plane ABC; draw PQ perpen- 
dicular to the plane, and join QA, QB, QC, QO, then 
PA' = QP' + QA% PO- = QP^ + QO' ; 

and o:'^a+(i'b+Yc = aiQP=+QA') + b(QP'+QB-)+ciQP'+Q<7) 
= (a ■¥ b + c) QP" + a.QA'' + b.QB" -i-cQC 
= (a + fi + c) QP^ + (a + 6 + c) QO' + abc 

(by the first case) = (a + b + c) PO' + abc, and is therefore 

invariable, since P and O are two fixed points. 
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GEOMETRICAL PROBLEMS. 



ST JOHN'S COLLEGE, Dec. 1831. (No. II.) 

1. If four magnitudes of the same kind arc propor- 
tionals, the gi-eatest and least of them together are greater 
than the other two together. 

2. If two straight lines meeting one another be parallel 
to two others that meet one another, and are not in the same 
plane with the first two; the first two and the other two shall 
contain equal angles. 

3. The sum of the perpendiculars from any point in the 
base of an isosceles triangle is etjual to a line of fixed length, 

4. To find a point in the side or side produced of any 
parallelogram, such that the angle it makes with the line 
joining the point and one extremity of the opposite side, may 
be bisected by the line joining it with the other extremity. 

5. The lines which bisect the vertical angles of all 
triangles on the same base and with the same vertical angle, 
all intersect in one point. 

6. If a semicircle be described on the hypothenuse AS 
of a rigiit-angled triangle ABC, and from the centre JE the 
radius ED be drawn at right angles to AB, shew that the 
difference of the segments on the two sides equal twice the 
sector CED. 

7. The locus of the centres of the circles which are 
inscribed in all right-angled triangles on the same hypothenuse 
is the quadrant described on the hypothenuse. 

8. Of all the angles which a straight line makes with any 
straight lines drawn in a given plane to meet it, the least is 
that which measures the inclination of the line to the plane. 

9. Find the sine of the inclination to each other of two 
straight lines whose equations arc given- 
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GEOMETRICAL PROBLEMS. 



11 



10. Find the length of the perpendicular from the origin 
of co-ordinates upon the line whose equation is 

a(»-o)+i,(!,-i) = 0, 

and the part of the line intercepted between the co-ordinate 



11. The equation to a circle h y'^ + w^ = a(y + x) ; what 
is the equation to that diameter which passes through the 
origin of co-ordinates ? 

12. A side of a triangle hcing assumed as the axis of ,v, 
the equations to the equations to the other sides are y = a/v + b, 
and y = a'w ; determine the sides and angles of the triangle, 

13. If through any point of a quadrant whose radius is 
R, two circles be drawn touching the bounding radii of the 
quadrant, and r, r be the radii of these circles, shew that 
rr =R\ 
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12 GEOMBTIUCAL PROIll.IiiMS. KO. II. DEC. ]83i. 

SOLUTIONS TO (No. II.) 

1. Euclid, Prop. Q5. Book v. 

2. Euclid, Prop. 10. Book xi. 

3. Let D (fig. 12) be a point in tiie base AB of tbc 
isosceles triangle ABC; draw DE, DF perpendicular to AC, 
^C respectively ; then 

DE + DF =AD.&mA+DB. sin B = (AD + DB) sin A 
^AB.nmA 
equa! the perpendicular from B upon tbe side AC, and is 
therefore constant wherever D be taken in AC. 

4. 'Let ABCD (fig. 13) be the parallelogram; with centre 
B and radius BA describe a circle cutting DC in tlie points 
E, F; join AF, BF ; then BF = BA and 

/ BFA = I BAF = I AFD, 
or / O/'B is bisected by the straight line AF. Similarly if 
AE, BE be joined, z DEB is bisected by AE, Also if with 
centre A and radius AB a circle be described cutting DC in 
the points G, H, the angles CGA, CHA will be bisected by 
the straight lines BG, BH respectively. 

5. Let ACB (fig. 14) be one of the triangles; about it 
describe the circle ACBD; then since the vertical angle is 
constant, the vertices of all the triangles will be in the circum- 
ference ACB. Bisect the arc AB in D, and join CD; then 
since arc JD = arc DB, I ACD = z BCD, and CD bisects the 
angle ACB; hence the line which bisects the angle ACB will 
always pass through the fixed point D. 

6. Let ^i?C(fig. 15) be the right-angled triangle, ADCB 
the semicircle described upon the hypothenuse AB i then 
since AE = EB, aAEC= A DEC; and segment on AC 
— segment on 50= (segment on AC + A ji£C) — (segment 
on BC+ A BEC) = sector AEC - sector BEC = (sector AED 
+ sector DEC) - (sector BED - sector DEC) = 2 sector DEC 
since quadrant AED = quadraat BED. 
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GEO METRICAL I'nOni.EMS. KO. II. DRC. 1S31. 13 

7. Let O (fig. I6) be the centre of the circle inscribed in 
the ^ACB; join OA, OB; 

then I AOB = tt - (O^iJ + OBA) 

_ -^ + ^ _ _ z:z^ - ^ !? . 

and is constant. Hence the locus of the point O is a segment 
of a circle containing an angle 

_ vr C 

~ 2 2 ' 
and the Z JZ^B in the alternate segment 

therefore the angle subtended by AOB at the centre E = Tr ~C. 
When the A A CB is right-angled, 

£C=~; and Z ^fiS = tt - C = ~ ; 

2 'i 

therefore AOB is the quadrant described upon the liypothc- 
nuse AB. 

8. Let P (fig. 17) be any point in the line AP which 
meets the plane in the point A; draw PM perpendicular to 
the plane ; join AM, and through A draw any other line AQ, 
in the plane; draw PQ perpondicuiar to AQ, and join QM % 
then if 0, &, be the inclinations of AP to AM, AQ respec- 
tively, 

. . PM ^ . „, PQ 
smfl. — ,and.nfl=-^; 

but PQ' = PAP -(- MQ' since I PMQ is a right angle, or PQ. 
is greater than PM; therefore sin is less than siaO' and 9 
is less than 9'. Now 6 measures the inclination of the line 
AP to the plane, which is therefore less than the inclination of 
the lineup to any other line ^^Q drawn to meet it in that plane. 

9. Let y = aa> + b, y = a! w + b' be the equations to the 
two straight lines; then if 0, $' be the angles which they 
respectively make with the axis of af, 

tan 9 = a, tan ff = a, 
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and sin iff -0) = cos 0cose'(tan ff - tan 9) = . ^' "" 

v/(i+«^)(i + 
which is the sine of the inclination of the two straight lines to 
each other. 

10. Let O (fig. 9) be the origin, and A^ B the points in 
which the given straight line meets the axes of a; and y respec- 
tively ; then the equation to the line OP drawn through 

perpendicular to JB is y = — ; and if af, y be the co-ordi- 
nates of the point of intersection P, we have 
,,(,.'-«) + 6 (-^-t)-0, 

or ,v' = a, and y = — ~ b ; 

therefore the length of the perpendicular 

OP = \/iB'' + y'^ = \/a' + &^- 
Again in the equation to the given straight line, make 
y = 0, the corresponding value of a? is OA = — ~ — ■ ; and by 

making x = 0, the value of y is BO = . — - — ; 

.-. AB = VJO'+BO' = ~-^^. 

11. aP -aw + y"- -ay'^O, 

the equation to a circle, the co-ordinates of whose centre are 

2 ' 2 ' 

Let y = mm be the equation to the diameter which passes 

thi-ough the origin, then since this straight line passes through 

a a , a a , . , 

a point - , - , we have — =ra.— or m = i : and w = <'' 's the 

equation required. 



y Google 



12. Let ABC (fig. 18) be the tiiangle, A the origin, aad 
BA produced the axis of ai, the equations to AC, BC are 



tan {CA,v) = tan (tt- A)=a' o 
and tan CBat = tan B - 



hence tan C = tan (CJx - C7J*) = 



Draw CM perpendicular to AB, and in the equation fo 
BC make y = 0, then the corresponding value of a; = — ^IB 

= or AB = - : let «', / be the co-ordinates of M, then 



, AC = V.-B ^ + y^ = - - 



a {a' -a) 

13. Let the bounding radii AB, AC (fig. 19) of the 
quadrant be taken for the axes of a? and y respectively ; bisect 
the iBAC by the straight line AD, and from any point D in 
AD draw DE perpendicular to AB, then a circle described 
with centre D and radius DE will touch both the bounding 
radii AB, AC : and if AE^ED = p, the radius will also be 
= p, and the equation to the circle is 

(a? - pY + (y- pY = p", or /v= + p" - 2p (x + p) -i- p" = 0. 

Let this circle cut the quadrant in the point P whose 
co-ordinates are h, k ; 

.-. A^ + A=- 2/j(A-!- /c) + ^^= 0, or S^- 2(//, + /i!)p + |0^= 0; 
from this equation the two values r, r of p way he deter- 
mined, and rr' = S^, r + / = 2 (A + /e). 
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ST JOHN'S COLLEGE. Jan, 1833. (No. III.) 

1. Magnitudes which have the same ratio to the same 
magnitude are equal to one another ; and those to which the 
same magnitude has the same ratio are equal to one another, 

2. If a solid angle be contained by three plane angles, 
any two of them are greater than the third. 

3. If a straight line be divided into any two parts; to 
find a point without the line at which the segments shall 
contain equal angles. 

4. Given the base and sum of the sides containing the 
vertical angle, and the line drawn from one extremity of the 
base perpendicular to it to meet a side or side produced ; to 
construct the triangle. 

5. In a triangle ABC, if CD he drawn bisecting the 
vertical angle C, and meeting the base in D; and DE, DF 
be drawn respectively parallel to the sides AC, BC and 
meeting them in JS and Fi prove that DF = DF. 

6. If two circles be described about the same centre, the 
radius of one being double that of the other, and a point be 
taken within the inner circle; to draw from this point to the 
outer circumference a straight line which shall be bisected by 
the inner circumference. 

7. jiCB is a segment of a circle, and any chord JC is 
produced to a point P, so that JC : CP in a given ratio. 
Required to find the locus of P. 

8. If FACB be a line passing through the centre C of 
a circle, CD a radius perpendicular to the diameter ACB ; 
DEF, DGH any two lines cutting the circle in Ey H, and 
the straight line FACB m F, G; shew that a circle may be 
made to pass through the four points F, E, G, H. 
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9. If through any point within a triangle, three straight 
lines be drawn from the angles A, B, C to meet the opposite 
sides in a, h, c respectively ; prove that 

Ac.Ba.Cb = cB.aC.bA. 

10. Find the equation to a straight line which cuts a 
given circle, when the lines drawn from the points of inter- 
section to the centre contain a right angle, and one of them Is 
inclined to the axis of ai at a given angle, 

11. If from a point without a given circle, two straight 
lines be drawn touching the circle ; find the equation to the 
line joining the points of contact. 

12. If «,, Ki be the sides of a right-angled triangle, and 
5,, ^3 the diameters of the circles inscribed in the triangles 
formed by joining the vertex and the middle point of the 
hypothenuso; shew that 



13. Find the equation to the straight line drawn from a 
given point to bisect a given equilateral triangle. 
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SOLUTIONS TO (No. III). 

1. Euni-iii, Prop. 9. Book v, 

2. Euclid, Prop. 20, Book xr. 

3. Let AB (fig. 20) be divided into two parts in the 
point C ; E the required point such that z AEC - i BEC ; 
then if AC = c, BC = c\ CE = p; I ECB = <p, 

,AEC.. BEC . ft £ - ^-t"^ , e . '"'<:?■:'" ; 
c sm 9 c sin y 

... (i - iU . '^<* + «) JL»£l*_- 5 . , „. ^, 

\c c/ '^ sin (9 ^ 



or p = '— cos(p, which is the polar equation to a circle 

whose diameter = , is in the direction CB. 

Produce CB to D, take CU = — ^, , and upon CD 

V -c 
describe a circle; from any point E in its circumference draw 
AE, EC, EB, then will z AEC = z BEC. 

4. Let AB (fig. 21) be the given base ; draw AC per- 
pendicular to the base, and of the given length, then BC will 
be the direction of one of the sides of the triangle. In £C 
take BD = the sum of the sides, join AD, and make iDAE 
= Z ADB, then AEB will be the triangle required ; for 
L ADE = z DAE, .: AE = DE, and AE + EB = DB the 

sum of the sides. 

5. DECF (fig. aa) is evidently a parallelogram, and 
z CZ»£ = z i3C^ = z iJCE ; .-. DE = CE = DF. 

t>. Let j4 (fig. 23) be the common centre of the two 
circles, B the given point; BPQ a line drawn through B cutting 
the circles in P and (J ; join AP, AQ and let BP = p, BQ^p, 
zABQ = e, AP = a, AQ=^2a, AB = c ; 

-■. |o' + fi" -QcpcosO = a' ; p'^ +c^ - 2C|o'cos ^ = id^; 
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and if p^ = 2p, we have ip' + c' - Acp cos 9 = 4a^, 
but 4p^ -f 'Ic* — 8(,y COS0 = ift^; 

.". lap con9 = 3c* or p cos 6 = — . 

Hence in AB take BM = ^ AB or AM = — , draw MP 

perpendicular to .<iB, meeting the inner circle in P j join BPQ, 
and SP will be equal to PQ. 

7. Let (fig. 24) be the centre, z CAO = 6, AO = a., 
then C^=2«cos0, and CP = n(CA); 

.: AP=in-i- l)CA = S(,n + l)acos9, 
or the polar equation to the locus of P is ^ = 2 (« + l) « cos 0, 
which is the equation to a circle whose centre is in the line AO, 
and radius = (« + !) a. 

8. Draw 7)K (fig. 25) touching the circle at D ; then 

z DFG = I KJDE = z £i?G : 
hence a circle may be described through the four points 
F, E, G, H since EFG and EHG will be angles in the same 
segment and upon the same base EG, and are proved to be 
equal to one another. 

Ac __ sin AOc Be sin BOc 

9. (Fig. 26) — = ^nAcO ' BO " ^^t^O ' 

, ^ -^0 sin AOc 
"'■ 'Bc~ bo ■ sin BOc ' 

„ , Ba BO sinBOa 

Similarly - - = 7^--r—yr;r-, 

■^ Ca CO sin CO a 

Ch CO sin COh 

~Ab^ Jd'7inA0y 
hence by multiplication 

Ac.Ba.Cb . i^,Ba.Cb=Bc.Ca.Ab. 



Bc.Ca.Ab 

10. Let PQ (fig. 27) be the straight lino whose equation 
is required, C the centre, r the radius of the given circle ; CA 
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GEOMETRICAL 



the axis oi w; l PCA = a, .-. I QCA = go + a ; and the 
ordinates of the points P, Q are a cos a, a sin a; and - a sii 
a cos a respectively ; therefore the equation to PQ is 





-«™°) 


-asina -acosa 


,i„„-c«a 


■nsd^ ■ 


■«„„+<».„<•' "' 


osnj , 


sin a -cos a 


o 


sin a + cos a' sin. 


J + COSO 


y - tan (a - 45) « + -^ 


sec(a-«) 



is the equation required, 

11. Let h, k be the co-ordinates of the given point without 
the circle ; x', y , w", y" the co-ordinates of the two points of 
contact, then the equations to the two tangents are 

x'w + y'y = a?, and x"m + y"y = a^ ; 
and since they both pass through a point whose co-ordinates are 

k, k, we have hx' + ky' = a^, h-v" + ky" = a* ; 
and the equation to the line joining the points of contact is 

y-y = ^_— , (* - '^ ) ; ijut ^iT-^ = - ^ ; 

.: y -y' = - - (,v - w') or hx + ky = hx + ky = a' 
the equation required. 

12. Let ACB (fig. 28) be the right-angled triangle, I) 
the middle point of the hypothenuse AB ; 

AC = a„ BC = a,, AB = c; 

. a, A A . B 

.'. 0, = 2 ~ tan — = «] tan — ; d^ = «2 tan — , 
2 2 2 2 

B 

^ sin B sill A 
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1 (COS^ - COS 5) 



sin ^ sin fl ' c sin A sin jB 
c (cos A — cos B) «| — ttj 
(csin^)csinB a^a. 



13. Let a, /3 be the co-ordinates of the given point P 
(Kg. 20), referred to the two sides AB, AC as axes ; DPE the 
required straight line meeting AB, AC in the points D, Ex 

then if AD =m, AE = n, the equation to DPE is ~ + ^ = ], 

m n 

and since this passes through the point P whose co-ordinates 



,■. mn = — , hence an + j3»» = TWW = — > 
and an ~ fim = ^\/(an + jBmy— 4iafimn 

and tlie equation to DPE becomes 



±(,.v'--»^)..i,(.,V.-5^), = .. 
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ST. JOHN'S COLLEGE. Dec. 1833. (No. IV,) 

1. Find the centre of a given circle, and state wliere 
Euclid's demonstration is imperfect. What is the moaning of 
a given circle in Analytical Geometry .'' 

2. If a straight line be at right angles to a plane, every 
plane in which the straight line lies shall be at right angles to 
that plane. 

3. Inscribe the greatest quadrilateral figure in a given 
circle. Can a circle always be inscribed in a proposed quad- 
rilateral figure, or described about one ? 

4. Given a polygon traced upon a plane, describe the 
triangle that shall have an equivalent area. 

5. ACB is an isosceles triangle having a right angle- C; 
with centre C and distance CA describe a circle ; if from a 
point Q in the circumference of the circle, QRr he drawn 
parallel to AB meeting AC, BC in R, r respectively, prove 
that Qm + Qr^ = ABK 

6. Inscribe in .a circle a triangle whose sides or sides 
produced shall pass through three given points in the same 
plane, 

7. ABC is a triangle inscribed in a circle ; AB, AC, BC 
produced cut a line given in position in the points m, n, p 
respectively. If t^, t„, t,^ be the lengths of the lines drawn 
from m, n, p touching the circle, shew that 

tmi,Jp - An . Bm.Cp - Am . Bp. Cn. 

8. An indefinite number of straight lines (not in the same 
plane) are situated so that from a fixed point perpendiculars 
can be drawn to them which are all equal to one another : 
required the locus of the intersections of these perpendiculars 
with the given lines. 

9. Given a circle traced upon a plane, describe another 
whose area is exactly twice as great as the former. 
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10. Investigate the line or lines represented by the 
equation 

y^ + (,-c - «) 2,5 + (fl^ - a") 1/ + (af - af{ie + «) = 0. 

11. Taking the requisite data to fix a parallelogram in a 
plane by equations to its sides; prove that the diagonals 
bisect each other. 

12. Given the equation to a circle and the chord of the 
circle; shew that a perpendicular let fall from the centre of 
the circle upon the chord, bisects the chord. 

13. One of the vertices of a triangle being taken for the 
origin of rectangular co-ordinates, and m', y', x , y the co- 
ordinates of the other two ; prove that the area of the triangle 

= 1 {/c'y" - y'w"). 



yGoosle 



SOLUTIONS TO (No. IV.} 

1. Euclid, Prop. 1, Book iii. Sec Potts' Euclid, Page 
107. 

In Analytical Geometry if the equation to a circle is 
given, the position of the centre and radius may be deter- 
mined, and the circle is therefore determined in magnitude 
and position. 

2. Euclid, Prop. 18, Book xi. 

3. (o) Let ABCD (tig. 30) be a quadrilateral figure; draw 
the diagonals AC, BD intersecting in E; then if a be the 
angle between the diagonals, aABC = ^AC . BE .sina: Also 

A ADC = ^-AC . DE . s\a a; therefore by addition, the area 
of the quadrilateral AJBCD = i {AC . BD . sin a) : this will be 
the greatest wlien AC, BD and sin a are respectively greatest. 
Now if the quadrilateral be inscribed in a circle, AC, BD are 
the greatest possible when they are two diameters; and sinci 
is greatest, when AC, BD are at right angles. Hence if two 
diameters AC, BD be drawn at right angles, and JB, BC, 
CD, DA be joined, the square ABCD will be the greatest 
possible quadrilateral liguie which can be inscribed in the 
circle. 

(/3) When a quadrilateral figure is inscribed in a circle, the 
opposite angles are together equal to two right angles; if this 
condition be not satisfied the quadrilateral figure cannot be 
inscj'ibed in a circle. 

iy) If a circle can be inscribed iu ABCD (fig. 3i) 
touching the siiles AB, BC, CD, DA in the points a, b, c, d 
respectively, then 

Aa = Ad, Bn = Bb, Dc = Dd. Cc = Ch, 

... Aa-vBa + Be + Cc = Ad + Dd + Bb + Cb, 

or AB + CD =BC + DA; 

hence the sum of two opposite sides is equal to the sum of 

the two remaining sides. 

4. Let the parallelogram ABCD (fig. S2) be described 
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produce AB to £ making 



equal to the given rectilineal figii 
BE = ABi join AC, CE; then 

^JCE= 'if^ACB = a ABCD 
equal the given rectilineal figure. 

5. Draw CDN (fig. 33) perpendicular to the base, meet- 
ing AB, Rr m D and N respectively; then since Rr is bisected 
in N, RQ' +Qr"- = 2 (BA^ + QN') = 2 (CiV' + NCt) 

(since ^ CRiV = ^ a right angle = / RCN) 

= 2CA^=CA''+ CB^^AB'. 



6. See Appendix i. Cor. Art. ). 

7. Let ^ Amp (fig. 34) =6, zAnp 
thi 



. = ^/„ 



Jm sin 1^ Bp sin ^ Cn miyjy 
Tn ^ \[ne ' fim "^ dii"f ' Cp "" sin0 ' 



therefore by multiplication, „ _ ,, 

•^ "^ .^n . Bm.Cp 

also ^ = ^m . Bm, f„ = Cn . An, tl = Bp.Cp; 

■■■ C ■ ^^ ^ = (Am.Bp . Cn) {An . Bm.Cp) = (Am.Bp. Cnf, 

or i,„.t„. tf = Am. Bp.Cn= An.Bm. Cp. 

a. Lot the fixed point A be taken for the origin, P any 
point in the locus; then since AP is constant, it is evident 
that the locus of P is a sphere round the centre A, and radius 
= AP. 

9. Find C (fig. 35) the centre of the circle ; draw any 
radius CA, and AB perpendicular to CA and equal to it ; 
join CB and with centre C and radius CB describe a circle, 
this will be the circle required. 

For C.e^= CA^ + AB- = 2CA^, and circles are to one another 
as the squares of their radii ; therefore the circle whose radius 
is CB : circle whose radius is CA :: C^ : CA^ :: 2 : 1. 
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10. The equation may be reduced to the form 

(y-¥'i-- a) if + w^ - «') = 0, 
which is satisfied by making separately 

y + K — a = 0, and y^ + x^ ~ a^ = 0. 

If CA, CB (fig. SQ) be taken for the co-ordinate axes, 
the former equation represents the straight line AB, where 
CA = CB = a, and the latter the circle ABD whose centre 
is C and radius CA. Hence the proposed equation represents 
the circle ABD, and the chord of the quadrant AB. 

11. Let the two sides AB, AD (fig. 37) of the parallel- 
ogram ABCD be taken for the co-ordinate axes; join AO, BD, 
intersecting each other in E, draw EF parallel to AD, and let 
AB = a, AD = b; then the equations to the diagonals AC, BD 

are j/ •= — , and — h - = 1, and if ,??', y be the co-ordinates of 
their point of intersection E, 

, b.v' ai' y ^ 



I, 


o,. 


,' . ^F = J 


.^%.. 


, or J/ 


ll, 


»ce 


AE 
AC 


AF 
" AB 


-t 


or AE. 


AC 




and 


BE 


EF 


-i. 


or BE^ 


BD 



BD AD 

and the diagonals of the parallelogram bisects each other. 

12. Let the equation to the circle referred to the centre 
C (fig. 3S) he a^ + y^ = o^ and the equation to the chord PQ, 
y = mce ■¥ c ; then the equation to CB drawn through C per- 
pendicular to PQ is */ = ,1?, and if X, Y be the co-ordinates 

of the point R, 

F= ~m^r -l-c, or F = — ^-- and X= - '^'" „ ; 
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and to find the co-ordinates of the points of intersection of PQ 
with the circle, we have 

a!^ + (ma? + cy = a", or (l + m") .v^ + 2mc x + (c^ — a^) = ; 

therefore if of', ic" be the two values of w which are the abscissEe 
of the points P, Q 



or R is the middle point of PQ. 

13. Let ABC (fig. 39) ho the triangle, Aw, Ay the co- 
ordinate axes ; z BJw = d', CAx = 0", AB = p, AC = p" ; 
then the area of the triangle ABC 

= ^AB. AC. sin z BAC= -I pV" sin {&" - $') 

= J- (p" sin d" . p cos d' - (j" cos &' , p' sin $') 

= 1 (y'\v' - *"?/). 
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ST .TOHN-S COLLEGE. Dec. 1034. (No. V.) 

1, What objections have been urged against the doctrine 
of parallel straight lines as it is laid down by Euclid ? Where 
does the difficulty originate, and what has been suggested to 
remove it ? 

2. Magnitudes have tlie same ratio to one another which 
their equimultiples have. When is the first of four magni- 
tudes said to have to the second the same ratio which the 
third has to the fourth ; and when a greater ratio ? 

Do the delanitions and theorems of Book v. include in- 
commensurable magnitudes ? 

3. If a solid angle be contained by three plane angles, 
any two are together greater than the third. 

Define the inclination of a plane to a plane, and shew that 
it is equal to the inclination of their normals. 

4. If there be two concentric circles, and any chord of 
the greater circle cut the less in any point, this point will 
divide the chord into two segments whose rectangle is in- 
variable. 

5. Divide algebraically a given line (a) into two parts 
such that the rectangle contained by the whole and one part 
may be equal to the square of the other. Deduce Euclid's 
construction from one solution, and explain the other. 

(j. Find a straight line, which shall have to a given 
straight line the ratio of 1 : v's. 

7. ACB is a triangle whose base AB is divided in E 
and produced to F, so that AE : EB and also AF : FB as 
AC : CB. Join CE, CF and shew that lECF is a right 



8, The point C is the centre of a given circle, and E is 
any point in the radius; find that point in the circumference 
where CE subtends the greatest angle. 
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9. Two points are taken in the diameter of a circle at 
any equal distances from the centre ; through one of these 
draw any chord, and join its extreiiiities and the other point. 
The triangle so formed has the sum of its sides invariable, 

10, If pi, Pa, Pa be perpendiculars from any point within 
a triangle on the sides; P,, P^, P^ perpendiculars from the 
angular points on the same sides respectively, prove that 



11. MANP is a parallelogram having a given angle at 
A, and also its perimeter a given quantity. Find the locus of 
P for all such parallelograms and construct it. 

12. Find the locus of a point such that if straight lines 
De drawn from it to the four corners of a given square, the 
sum of their squares shall be invariable. 

13. Given the equations to two straight lines passing 
through two given points, find the locus of their point of 
concourse when the straight lines intersect each other at a 

14. In any parallelepiped, the sum of the squares of the 
four diagonals is equal to the sum of the squares of the twelve 
edges. 

15. If a triangular pyramid have one of its solid angles 
a right angle, i. e. contained hy three plane right angles, the 
square of the face subtending the right angle is equal to the 
squares of the three faces which contain it. 
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SOLUTIONS TO (No. V.) 

1. See Potts' Euclid, p. 50. 

2. Euclid, Prop. 15. Book v. and Definitions 5 atid 7 
Bool; V. ; and Potts' Euclid, note to Definition 5. Book. v. 
page i69. 

3. Euclid, Prop. 20. Book xi. and Definition 6. Book xi. 

Let A (fig. 40) be a point in the common section JB of 
the two planes, from which draw JC, AD at right angles to 
AB in the two planes; draw also AE, EF perpendicular to 
the two planes BAC, BAD respectively; then AE is per- 
pendicular to the plane BAC and therefore to AB. Hence 
AB is perpendicular to AE, AC, AD which are consequently 
in the same plane. Similarly AF may be proved to be in the 
same plane with AC and AD\ and right ,l E AC = r\g\\l 
I FAD; .-. aEAF'= IDAC. 

4. Lot C (fig. 41) be the common centre of the two 
circles; PpqQ a chord cutting the inner circle in p and q ; 
draw CD perpendicular to PQ, it will bisect PQ and p^ in 
the point D ; join CP, Cp ; then 

Qp.Pp =PD^~pD^== (PC -CD') - ipC'-CD'') = CP'- Cp\ 

and is therefore invariable. 

5. See Potts' Euclid, p. IS. 
Taking Euclid's figure, 

3 

.-. EF=~.a= \/d'- + -■ - -./AB' + AE' = BE, 
3^4 

which gives Euclid's construction. 
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6. Let AB (fig. 43) be the given straight iine ; draw 
BC at right angles to AB and ='3.AB, join AC^ and draw 
BD perpendicular to AC; then AD will be the line required. 

For AC = \/AB' + BC = \/5. ^-B, 
and ^ZJ : AB :: ^i? : JC :: I : \/5. 

7. Pi-oduce ^C (fig. 4.3) to (?; then C£, CF hisect 
the angles ACB, BCG respectively; 

.-. I ECF = z BCF + z BCJE = ^ ( ^ -CCG + z T^C^) 

equal a right angle. 

8. Draw EP (fig. 44) perpendicular to EC meeting the 
circle in 2* : on CP as a diameter describe a semicircle which 
will touch the circle in P and pass through E^ because 

L PEC is a right angle. Draw any line CQ'Q meeting the 
circles in Q', Q ; join EQ, EQ' ; then / CPE = L CQ'E is 
greater than Z CQE, or Z CPE is greater than any other 
angle subtended by CE at a point in the circumference of 
the given circle. 

9. Let C (fig. 45) be the centre of the circle, D, E two 
points in the diameter AB at equal distances from C ; PDQ 
any chord through D ; join CP, CQ, EP, EQ; then 

PB' +PE'^2CP' + 2CD' = 2^C" + 2C-D-; 

DQ^ ■{■ QE" = 2 CC^' + S Clf ^2 AC + 2 CD' ; 

2DQ.DP=2AD.DB ^'ZAC -2CD'; 

therefore by addition 

PQ- + PE' + QE- = 6 AC + 2 CD\ 

and is invariable for every position of the chord PQ passing 
through D. 

10. Let P (fig. 46) be the point within the triangle 
ABC; join AP, BP, CP ; then 
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i.p,.^"'. 



milarly A APC = ^ A ABC ; 
and aJI'B =^^AJBCi 



therefoi'e by aiidition 

aBPC h- aAPC + aAPB = aABC= ("^ + 1 



P, P, P, 

H. Let JA/", JJV (fig, 47) bo taken for the axes of .v 
and »/ ; and .v, y the co-ordinates of P ; then .t; + j/ = | the 

perimeter of the parallelogram =-; or the locus of /* is a 

straight line cutting the axes of .-*? and y at distances AB, 

AC = ^ from A. 

2 

12. Let ABCD (fig. 48) be the given square whose side 
AB = a; P a point in the required locus, draw PM perpen- 
dicular to AB, and let AM = x, PM = y ; then 
AP^^w^ + y\ BP' = {a - jjf + y\ 
DP" = .e + (« - y)\ CP' =(a~ ,vy + (« - yf ; 
.■.AP' + BP' + DP'+CP' = 2{;^ + (a-.vy + y'+(a-yy\=c'; 

c^ - ia^ 
.-. 3ii;^ - Sao! + 2y^ - 2ay = 



the equation to a circle the co-ordinates of whose centre are 

<i ft ,1- . /-? — :r^ 

-, - , and radius = 4\/c - 2» ■ 
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Hence in order that the problem may be possible c^ must not 
be less than 2a^. 

13. Let the straight line joining the two points J, B 
(fig. 49) be taken for the axis of a? ; C, the middle point of 
AB, the origin ; AC = c ; then the equations to the two lines 
AP, BP are y = m{aj i- c), y = m'{x — e) respectively. And 
if (a) be the angle between them ; 



,-. ,v^ + y^ — c'^ = 2ccotay, and *^ + (y - c cota)' = (ccoseca)^; 
whicji is the equation to a circle whose centre is in the axis 
of 1/ at a distance ccot« from the origin, and radius = t-coseca. 

14. Let AB, BC, CD, DA (fig. 50) be the four sides of 
the base of the parallelepiped ; ab, be, cd, da the correspond- 
ing sides of the top; then ACca will form a parallelogram 
whose sides are two diagonals AC, ca of the base and top, and 
the two sides Aa, Cc of the parallelopiped ; and the diagonals 
Ac, Co, of this parallelogram will be two diagonals of the 
parallelopiped. Similarly, BDdb will form a parallelogram 
having its two diagonals Bd, Dh the two remaining diagonals 
of the parallelopiped. Now if ^S = «, ylD = ^, lBAD = a; 
BD = d, AC = (^, we have 

tf = rt^ + &= ^ g n6 cos a, and d'" = a^ + H' + ^abcosa; 
.-. d^ + d'^ = 2(ra'+ b% 

or in any parallelogram, the sum of the squares of the diagonals 
is double the sum of the squares of the sides. Hence 
Ad' + Ca^ = 2 (AC + Cc% 
Bd' + Dh''=Q (BD' + BV) = 2 {BD^ + Ce') ; 
.: Ac' + Ca" + Bd' + DV = 2 iAC" + BD-) + 4 Ce' 
= %\2iAB' + BC% + 4Cc= = 4(^S' + fiC-+ Cc') 
= the sum of the squares of the twelve edges. 
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15. Let O (fig. 5]) be the vertex of tlie pyramid ; OA, 
OB, OC the three sides at right angles to one another = a,h,c 
respectively : then 

AB = \/a" -{■ b'', AC = \/ a' ■]- o\ BC = \/b^T^% 

AC°~ + AB' - BC aP 



md cos I BAC = - 



2 JB. AC v'(a' + V'j{a' + c=) ' 



"-v/C^^ + fc^Xa^ + c^)' 
and ^ABC='^AB.AC.sm ^ BAC = ^\/a'b' + a^c^ + b'c^ ; 

- (AjoBy + (&Aocy+ (Alloc)'. 
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1. In some treatises on Geometry it is laid down as an 
axiom more evident tlian Eudid''s 12th, that two straight 
lines which cut one another, cannot both be parallel to the 
same straight line. Shew that this is only a disguise of 
Euclid's axiom. 

Give an instance to shew how some of the fundamental 
theorems of Geometry may be proved a priori from considera- 
tions purely analytical. Two solid angles may be unequal, 
which are contained by the same number of equal angles in 
the same order. 

2. If four magnitudes be proportionals, they shall also be 
proportionals when taken alternately. Prove by taking equi- 
multiples according to Euclid's definition, that the magnitudes 
4, 5, 7, 9 are not proportional. 

3. Similar triangles are to one another in the duplicate 
ratio of their homologous sides. How does it appear from 
Euclid that the duplicate ratio of two magnitudes is the same 
as that of their squares ? 

4. A chord PO(i cuts the diameter of a circle in in an 
angle equal half a right angle ; shew that 

PO' -^ OCt = % (rad.)^ 

5. Two circles touch internally ; describe another of 
given radius (not greater than the difference of the radii of 
the former) so as to touch both. Prove that the locus of the 
centres of all the circles so described, is an ellipse whose foci 
are the centres of the two given circles. 

6. If the lines bisecting the vertical angles of a triangle 
be divided into parts which are to one another as the base to 
the sum of the sides, the point of division is the centre of the 
inscribed circle. 

7. Find the locus of the points of quadrisection of all 
parallel chords in a circle; employing the equations 

y^ = a -or'; y = ax + fi. 
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8. If all tlie ordinates of a circle be moved through a 
given angle, the abscissa and magnitude of each ordinate 
remaining the same; what will be the curve, the origin of 
co-ordinates being the centre ? 

9. Eliminate (a) between the equations 

!,■_. (,.-«); s'. (« + {)(»-<.- S). 
Explain the geometrical meaning of the result, and trace 
the change as (^) diminishes and ultimately vanishes. 

10. In the hyperbola, at a point P whose ordinate 

_(BC)i 

- {CSy^' 
prove that Py = CS, Cy being a perpendicular from the 
centre on the tangent at P. 

11. If about the exterior focus of a hyperbola, a circle 
be described with radius equal the semi -conjugate axis, and 
tangents be drawn to it from any point in the hyperbola, the 
line joining the points of contact will touch the circle described 
upon the transverse axis as its diameter. 

12. If PSQ be a focal chord of an ellipse, tangents at 
P and Q will meet in the directrix, 

13. In an ellipse the sum of the squares of two conjugate 
i is constant. 



normals is constant. 



14. S is any point in the diameter AB of a circle whose 
circumference is divided into 2n equal parts; if lines be drawn 
from 5' to all points of section, the sum of their squares 

= n iSA" + SB). 

15. A sphere is described touching a face of any tri- 
angular pyramid and the other three produced, and three 
other spheres in like manner touching the remaining faces. 
If r,, rs, Vs, n be their radii, and r the radius of the inscribed 

1 1 I 1 2 
sphere. - + -+- + -=-, 
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SOLUTIONS TO (No. VI.) 

1. Siii! Potts' Euclid, p. 50. Also Note to Prop. 6, 
Book I. p. 50 ; and Note to Def. 9, Book xi. p. 253. 

2. Euclid, Prop. 11, Book v. 

Let the equimultiples of the first and third be 5, and of 
the second and fourth be 4; then the multiples of the first, 
second, third and fourth are respectively 20, 20, 35, S6 ; or 
the multiple of the first is equal to the multiple of the second, 
but the multiple of the third is not equal to the multiple of 
the fourth ; and the four quantities are therefore not pro- 
portionals. 

Similarly, if the equimultiples of the first and third be 19, 
and the equimultiples of the second and fourth be 15, the 
multiples of the first, second, third and fourth respectively 
become, 76, 75, 133, 135; or the multiple of the first is greater 
than the multiple of the second, but the multiple of the third 
not greater than the multiple of the fourth; hence the first 
has a greater ratio to the second than the third has to the 
fourth. 

3. Euclid, Prop. 19, Book i. 

It A : Ji :: B : C, then the ratio of ^ to C is that com- 
pounded of the ratios of J to S and of B to C, or of J to B 
and A to B, and is therefore the same of the ratio of J^ to B^. 

4. From the centre C, (fig. 52) draw CN perpendicular 
to PQ; then since PQ is bisected in A^, 

P<y + QO' = S{QN' + NO') = 2 (QiV^ + NC"), 

(since z OCA^= z PATC- ^ POC= ^a right angles /. NOC) ; 

.: PO'-t- QO'^^QC: 

5. Let C, (fig. 53) be the centres of the two circles 
whose radii are a,b;P the centre of the circle which touches 
both circles; p its radius; then OP ~ b + p; CP = a — p; 
hence if on the base OC a triangle OPC be described whose 
two sides OP, CP are equal to b + p, a - p respectively, the 
vertex P will be the centre of the required circle. Also 

OP + CP=:b + p + (i- p = a + h; 
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hence the locus of P is an ellipse whose foci are 0, C ; and 
axis major =t a + b. 

6. Let CD (fig. 54) bisect the angle ACB ; divide CD 
in E, so that DE : EC :: JB : JC + CB, and draw CM, 
EN perpendicular to AB ; then 

DE c . £E^^- " 

EC'"^Tb' ■'■ DC~ CM~ a+b'^c" 
hence c (CM) = (a + 6 ■+ c) EN. But if »■ be the radius of 
the inscribed circle, 
(a + fe + ,.-),■ = 2 area of l\ABC = c . CM = {a + b -i- c) EN; 
.-. EN = r ; and the centre of the inscribed circle lies in the 
line CD, therefore E is the centre of the circle inscribed in 
the triangle ABC. 

7. Transform the origin to a point ^, Y in one of the 
parallel chords; then (Y + y)' + (X + x)'^ ■== a^, and y = aw 
are the equations to the circle and chord respectively. Hence 
at the points of intersection of the circle and chord, 

( J- +«)' + (jr + .)•-«•. (1). 

Now since the origin is in the quadrisection of the chord, if 

<v' be one value of a? derived from equation (I), — 3a;' will be 

the other; therefore the equation must be of the form 

(w - if') (ai + 3iB') = 0, or x^ + ^.d' ai ~ 3*'= = ; 

but {I + a') .t" + 2{ay + JC) 0! + X^ + V - a' = 0; 

. aY+X ,, a'--- (X' + 1") 



hence (4. + «') X'' + 6aXY + (ia' + l) K^ = (l + a") a' is t 
equation to the locus required, and is that of an ellipse who 
centre coincides with the centre of the circle. 

8- Let .v, y be the co-ordinates of any point in the i 
quired curve, 90 — a the angle through which the ordinates a 
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moved, *, y, the co-ordinates of the point in the circle corre- 
sponding to the point «', y ; then 

a^ = a;' - y cot ci ; .V = y' cosec a ; 

and a^ + y^ = a' i .-. {af - j/'cot af + {y' cosec aY = «^ 

or x'^ - ^ai'y' cota + */'^ { 1 + 2 (cota)^} = a/', 

the equation to an ellipse, whose centre coincides with the 

centre of the circle. Let the curve be transformed to polar 

co-ordinates by putting x = pcos6, y = p sin 0; 

.: p" \cos^9 - sin 20 . cot a -H (1 + 2 cot^a) sin'' 9} = a\ 
or p^ \i + cot'a(l — cos 20) — sia 2$ cotaj = a^ ; 
.-. jo'{cosec^a - cot« cosecacos (2 9 - a)} = a^; 



which is the equation to an ellipse whose axes arc 
SfflV''^*— coso, and 2m\/i + COSa, 

and the inclination of the axis-major to the axis of ^ = - , 

9. The equations to the two curves are jf = a (x — a), 

and y" = a(,v — a) + ^ (<v - 2 a) — 5^ ; hence at their points of 
intersection ^{,v — 2a) — S' ~ 0, 

or «.^^ and ,, - a . ii±i ■ 



Hence for a given value of (^), every pair of parabolas whose 
equations are y^ = a{x - a), y'' = (a + ^) (x - a - S) intersect 

each other in the hyperbola whose equation is y^ = —— — ; 

and whose axes are B, 2 S. 

As ^ diminishes, the hyperbola /= approaches to 
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the two straight lines represented by the equations tf = — , 

or ;/ = ±- ; hence the parabolas ultimately intersect iu the two 

straight lines y = '-, and y = . The straight lines mani- 
festly touch all the parabolas represented by the equation 
y"' = a (jv ~ a) when every possible value is assigned to a. 

or .r = «- + ^~- ; 

hence CP^ = x' + y^ = a^ ■]■ b \/aF+ b'' ; 

CD"' ^CP" - a -^b'^b' + h \/o^"+ b' ; 

... CY' = PF-'=~=bx/^^h'-b'; 

hence PY' = CP^ - CV = «= + b" or PY = CS. 

H. Taking the centre of the hyperbola for the oiigin of 
co-ordinates, the equation to the circle whose centre is H and 
radius b is (tv + aey + y^ = b^ ; and the equation to a tangent 
at the point w, y is 

»'-!'= --7"" (•«■--). 
or yy' + (.r + ae) w = y' + x {w + ae) 

now if ihis passes through a point h, k, 

ky + (_m + ae) h= -a^ - aea,; 
or ky + (h + ne)x = ~ a^ ~ aek; (l) 
which is the equation to the straight line joining tJie two points 
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of contact, when tangents are drawn to the circle from the 
point hi k. 

The equation to the circle described on the transverse axis 
is ai^ + y'^=a^; and the equation to a tangent at the point aii , y, 
is a:Wi + yyi = a^ ; and in order that this may coincide with 
equation (i), we must have 

Xy h + ae A'l h-i-ae 

a + ek' 





a" 


+ u 


eh 




"a- 


k 




:' 


' + 


■.eh 


!if+(!i 


+ a< 


sf 



a+ek 

or k" - (e' - 1) A* + a' (e'^ - l) = ; 

hence — a" = ^i which shews that the point h, k is a point 

in the hyperbola. 

12. Let tangents be drawn from a point whose co- 
ordinates measured from the centre are h, k ; then the equation 
to the straight line joining the points of contact is 

let this pass through the focus ; therefore when .v = ue, y = 0; 
hence ^ = i, or A = - : which shews that the point h, k lies 
in the directrix. 

13. Let PK, DK' he two normals at the points P, D 
whose co-ordinates are w, y and x, y' respectively ; then 

, , ay , hx 

and * = - -^ : y = — ■ 
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, / b^\ (if le^ 



-('•*!>'), 



14. Lot C (fig. 55) be the centre, Pi, F,,...A^ the 
points of division of tlio circumference ; 

n n 

and 
*p;-*C"+CP;-8i'C.CP,cose-.9C' + CJ=-24'C.C^cos9; 
SPl -SC' + CA'-!!SC.CAcot{e + '^; 

SPj ^SC+CA'-!tSC.CAcotle + -~\; 

spi . sc'+cj'-2*c.c^cosje+>- — ^ 

.-. iSPj + SPI+ ...+ SP;,) -in (SC + CA') 

-2SC.t'j|oose + cos (g + ^\ + ... + cos f e + *-^^^^ — ^jl 

lsinf2,r + e--+~")-sinf9-— )j 

= 2»(«C=+&P) -.SC. CA ' - 

sin — 
2m 

. 2» (i'C" + CA') = n (AS' + SB') 

since AB is bisected in C. 

15. Let F be the volume of tlie pyramid ; S,, S^,S-i, S\ 
the areas of the four triangular faces opposite to the angular 
points A, B, C, D respectively ; then 
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r.-(,s, + S. + S, + S.) ; 

F . - {,S, + * + «, - S,-) ; 

r = '-i (S, + s, + s,- s,) ; 

F = - (.5, + «,+ *,- S,) ; 
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ST JOHN'S COLLEGE. Dec. 1836. {No. VIL) 

1. In equal circles, angles whether at the centres or 
circumferences have the same ratio as the arcs which subtend 
them. 

2. Every solid angle is contained by plane angles, which 
together are less than four right angles. 

3. If two pairs of common tangents be drawn to two un- 
equal circles, and 2 a, 2 a' he the angles which the two of each 
pair make with each other ; then 

sin a R — r 
^"^' " fl + r ■ 

4. A, B, C, D are four points in order in a straight line, 
find a point /■; between B and C such that AE.EB = ED.EC 
by a geometrical construction. 

5. If from the centre of a rectangular hyperbola a line 
be drawn through the point of intersection of two tangents; 
and if (p and (p' be the angles which this line and the chord 
joining the points of contact, respectively make with the real 
axis 1 then will tan <p . tan <j>' = 1. 

6. There are any number of ellipses having a common 
centre, and their axes niajores in the same position. Shew 
analytically that if all the ellipses be twisted through the same 
angle 9 in the same direction, the loci of the intersections of 
each ellipse with its original position, are two straight lines 
whose equations are 

^ 6 

1/ = .%■ tan - , and y = - a? cot - . 

7. Two given unequal circles touch each other externally ; 
shew that the locus of the centre of the circle which always 
touches the other two is a hyperbola. Find the axes and 
eccentricity, and shew what the figure becomes when the given 
circles are equal. 
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8. A vessel whose outward figure is a paraboloid of 
revolution, is veciiiired to be of equal thickness throughout; 
find the figure of the interior surface. 

9. In an ellipse, if through the foci iS and H, chords 
PS'P', and QHQ' be drawn parallel to any pair of conjugate 
diameters, shew that SP . .SrP' + HQ . HQ' = h^ 4- I' where b 
and I are respectively the semi-axis minor, and semi-Iatus 
rectum. 

10. Ill any circle draw a chord JB : from the middle 
point of the lesser segment draw any line cutting Jli in C 
and meeting the circumference in X) ; join AD and take 
AP = AC; find the locus of P. 

11. Round a given ellipse circumscribe a rhombus ; 
about this rhombus circumscribe a second ellipse, and so on 
for n times ; prove that all the ellipses are similar, and find 
the sum of the areas of the n ellipses. 

12. An ellipse has a square described touching it at the 
extremities of the minor axis : an ellipse upon the same axis- 
major circumscribes the square. This ellipse is dealt with in 
the same manner as before, and the operation is continued till 
there are altogether « + 1 ellipses ; prove that if the original 

eccentricity = — -— the last ellipse becomes a circle. 

v/m + I 

13. Given the equation Ay^ + Bxy + Cx^ + D = to be 
the equation to the hyperbola; find the position of the asymp- 
totes, and the equation to the hyperbola referred to them as 



14. Find the axes and position of the curve represented 
by the equation 

^ - 2a!y + 3a^ + 2i/ - 4^ - 3 =0. 
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SOLUTIONS TO (No. VII.) 

1. Euclid, Prop. SS, Book vi. 

2. Euclid, Prop. 11, Book xi. 

3. If C, C (fig. 56) be tile centres of the two circles; 
DDT, liT'E' common tangents to the circles, meeting CC 
in T, T' respectively; join CD, C'D\ CE, C'E'; then if 
L CTD = «, L E'TC =■ a', we have 



Bin a 


^ cc • 


. , S + 

"•"'-ce 




sin a 


ij-r 




■'■ S^' 


-» + .■■ 



4. Take any point F (fig. 57) not in AB ; about the 
triangle ABF describe a circle ABFG, and about the triangle 
DCF describe a circle DCFG. Let the circles intersect each 
other in G; join Gi^and produce it to meet AD in E% then 

EA . EB = EF . EG = EC. ED. 

5. Let A, k be the co-ordinates of the point of inter- 
section of the two tangents ; then tan ^ = 7; and the equation 

to the line joining the points of contact, when tangents are 
drawn to the hyperbola from the point A, k, is 
A a? ky 

, h" h ^, b' 

.■. tan = -^ T 1 o'' tan 'p ^^'^ ?* ~ "a ' 

and if tho hyperbola be rectangular, tan ^ tan 1^' = 1. 

6. Taking the centre for the origin, the polar equation 
to the ellipse is p^ = -—-j- — j~: i and the polar equation to 
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the same ellipse when the axis-major is twisted through an 

angle 6 becomes o" = 5 t-t-, — ; therefore at the 

^ ' 1 - e^ cos-' (<}> - 9) 

points of intersection of the ellipses in the two diiferetit 

positions, cos'' <p = cos^ (^ - 6), 

TT 

.-. <p = 0^(p, or ,r + 9-0; i.e. <p = -, or - + -; 

both which values are independent of the eccentricity and 
magnitude of the axes. Hence every corresponding pair of 
eliipses will intersect each other in two straight lines passing 

through the origin and inclined at angles ■- and — + - to the 

axis-major; or the equations to the two lines will be 



7. Let S, H (fig. 58) be the centres of the two circles 
whose radii are r, )■'; P the centre of a circle touching both 
circles ; then SP — HP = SQ — HR •= r — r, and is constant, 
or the locus of JP is a hyperbola whose foei are 5", H. If 2a, 
2b be the axes of the hyperbola, 

2M=r-/, 2ae^SH = r + r'i 

.-. e = j , and 2^ = 9« \/e^ - I = S \/rr'. 

When r = r', SP - HP = 0, or P lies m the straight line 
which is drawn perpendicular to SH bisecting it , therefore 
the Jocus of P in this case becomes the common tingent. 

8. Let $ be the angle which the normal PG (fig, 69) to 
the parabola makes with the axis AG; X, Y the co-ordinates 
of P ; in PG take PQ = b, then the locus of Q will be a curve 
which by its revolution round AQ will form the inner surface 
of the vessel. 

F 

Since the subnormal = 2 a, tan 9 = — ; 
2« 
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hence if a;, y be the co-ordinates of Q, 

X = X-i-bcos$ = a tan" + b con 6, 
y = Y -bs\n6 ^2atane -bsinei 

•■■''-^"■-cS + '■('- "■■">• 
or b^cos^O + (p^ - Ln-P - b^) co%9 + iah =0; (l) 
and 6 cos' 9 ~ (.r + a) cos* 6 + a = 0. (2) 
Multiply (2) by 6 and subtract from (I) ; 
.-. 6 (a? + o) cos^e + 0/^ - i-ao! ~ b^) co&9 + Sab = 0. (3) 
Multiply (9) by 46 and subtract (l), 

or Sb^cos^O~ib(x^ a)aose -(y^'-'iax -h^) = 0. (i-) 
Multiply (S) by Sb, and (4) by {w + a) and subtract ; 
.■• {Sbiy" - ia.v - b") + 4fi (a; + af] cos 

^9ab' + (a^ + a)if-4.,aw-b') = 0. 
Multiply (3) by y" — iaw - &*, and (4) by Sab and add ; 
.-. \h (w + a) (y" - 4ax - b') + 9ab'} cosS 

+ (i/^ - iax - ¥y - 12ff6^ (x + a) = 0. 
Hence {QaP + (.v + a) (f - 4«* - b^)Y 

which is the equation required. 

9. \i Aa (fig. 60) be the axis-major, and a be the semi- 
diameter parallel to PSP', we have 

PSSF : SA.Sa :: «'« : ra=; 

or PS.SP'=^.a\ 
Similarly, QH . HQ' = -.b'' ; 



- («= -1- h') = b' + f. 



yGoosle 



REOMETRiCAL pnOBLEMB. NO- VII. B1!C. 1830. W 

10. Let E (fig. (h) be the middle point of the circum- 
forence AB ; join AE, EB ; and let 

L EAB = a, L EAD = <p ; 

then L EDA = l EBA = a, L AED = tt - (0 + «), 
L ECB = L EAC + L AEC = -rr-<p-, .-. L ACE = <p ; 

and \l AE = <i, AP = AC = i>, p = a ^^f_jL^ . 
' ' sm 

till! equation to the locus of P. 

11. If a', b' be the equal semitliameters of an ellipse, 
and a the angle between them, 

.. . ^" J ■ 2«'' "'-''' 

2a = a' + b-, and sm a = — ;- ; or cosa = — , 

a' + b' a' + ft= 

and the tangents at the extremities of these diameters will 
form a rhombus whose side = '■2a', and whose diagonals are 



Also the diagonals of a rhombus are at right angles to one 
another; and if an ellipse be described upon the diagonals 
as axes it will circumscribe the rhombus; let (ii, h he the 



or the ellipse will be similar to the original ellipse; hence if 
A, A,\it the areas of the two ellipses, 

^1 = ,r«ift, = -l-n-a'^sin - COS - = 2 jrw'^ sin ti = 2tt-m/j = 2 J. 
9 2 

Similarly, if A.,, J:,,...A„ be the areas of the second, third, 

and n"' ellipses described in the same manner, 

A-i = ^A, = 2'^A, As = 2^2 = 2M, &c. 

and ^1 + J5 + ... + -4„ = (2 + S' + 2' + ... + 2")^ 

= (2" + i - 2) ^ = (3" + ' - 2) 7r«&. 



D 
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In this problem it will be necessary to assume, that the 
ellipses are all described upon the diagonals of the successive 
rhombuses as axes. 

For if ABEF (iig. 63) be a rhombus circumscribing an 
ellipse, AE, BF its diagonals intersecting one another in C, 

AC^ S, BC = S'; then CP' = CD' = ^-^ , 
2 

^ + r = ^B* = iCD^ = 2 (a^ + 6^), 

U = 2AJCB = ^aABEF=aah; 

.: S = x/-^a, S'=v'~^.b; and ^ + ^^^ + ^ = i. 
2a' ab 9,0^ 

will be the equation to an elUpse circumscribing the rhombus, 

where m may have any magnitude less than unity. 

Let e' be the eccentricity of this ellipse ; then 



vy 



hence -r, — 1 '^ never greater than —~ I; or e' is never less 

e e 

than e, but may have any value greater than c. 

12. Let P (fig. 63) be one of the angular points of the 
square; then if fij be the semi-axis minor of the ellipse circum- 
scribing the square, the co-ordinates of P are 6, b, 
h'^ b'^ _ 111 

■'■ ^ "*" V " ^' "'' F^ ~ 6? ° «' ' 
similarly, if b.^, b^,...h„ be the semi-axes minor of the 2"", 
.^'■'',..?i* eUipses; 
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1 ] 



md if b„ = a, tlio «"' ellipse becomes a circle, or — = — - — , 

and „ .-= 1 - e^ = ; .-. e = \/ — ~-. , 

o^ n+ I n +1 

1.3. Ay'' + Bwy ^Cx" ^ -D; 






mA tlio equations to the asymptotes are 
y - B ± \/B' - 4JC 



If «, a be the inclinations of the two asymptotes to the 



and if x', y be the co-ordinates of any point referred to the 
asymptotes as axes, 

x = ai cos a \- y cos d, 
y =■ x' sin a 4- y' sin d ; 
.-, (Jsin^tt + Ssin acosct + Ccoa'et)a?'' 

+ {A sin^a' + B sin d cos a + C cos' «') j/'= 
f (2^ sin a sin «' + Ssiti(a + «') + 2 (7cos« cosa') .i?'y'+ i) = 0. 



y Google 



GEOMETKICAL PE0BLEM9. 



Now the two first terms vanish ; 

.■. 2Ccosacosct'|— tanatana'+ — (tann+tana') +l}a;y'+D = 0, 

or aCcos a cos a' (2- —j^]-v'y' + D = 0. 

^^^^_ sin (a + a') _ B cos (a + a') ^A - C 
cos a cos a A ' cos a cos a A 

1 \/(A -cy + B\ 



" ■^ cosacosa' -B''-4^C B' - i^ 

14. The curve is an ellipse since 2' < 4 . 1 . 3. 

Let a, ^ be the co-ordinates of the centre, and let the 
origin be transferred to the centre by making 

x = a/ -^-a, y = y' + (i; 

■-.(y+/3)^-2(*'+«)fe'+/3) + 3(a.'+«f+%'+/3)-4(a7'+a)-.3=0; 

hence 2/3- 2a + 2 = 0, -2/3+ 6a- 4 = 0; 

■■■ a-i,/3 = -ii 

and the equation to the ellipse becomes 



Let 6 be the inclination of the axis of the ellipse to the 

axis of .V, and let — + — = i be the equation to the curve 

referred to its principal diameters ; transform the axes through 
all angle 9, then 

( a^'cose+y'sing)^ (/ cos^ - a>' sin gf _ 
cos^^ sin^9 6 
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mn'H COS' 



H -— = - , and sin 30 I 



V 9 

or tan 20 = - X, and 2fl = 135 ; 
1 1 4\/9 1 3 8 

2^ _ 8 - 4 \/2 g _ 9 _ 9 (2 + Vs) 

01^ 9 ' 4-2 \/2 4 

and 6= = 5 (2-^/2); 
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1. If two triangles which have two sides of the one pro- 
portional to two sides of the other be joined at one angle so as 
to have their homologous sides parallel to one another ; the 
retnaiDing sides shall be in a straight line. 

2. If a solid angle be contained by three plane angles, 
any two of them are greater than the third. 

3. If from any point in the diagonal of a parallelogram, 
straight lines be drawn to the angles, the parallelogram will 
bo divided into two pairs of equal triangles. 

4. Shew how to find the focus of a traced conic section. 

5. From three given centres describe three circles touching 
one another. 

6. S¥, IIZ are perpendiculars from the foci on the 
tangent at P to an ellipse whose centre is C; SP, HP cut 
CF, CZ m Q, Ji; shew that CQPR is a parallelogram. 

7. Let the two circles, radii R, r, which touch first, 
the three sides of a triangle ABC, and secondly one side BC 
and the other two produced, touch JB in D„ D^, AC in E,, 
E, ; shew that BD, . BD., = CE, . CE, = Rr. 

8. The side of an equilateral hexagon inscribed in an 
ellipse, eccentricity e, with two sides parallel to the axis 
major : side of one inscribed in the circle on the axis-major 



B of the co-ordinates of the centre of the c 
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aif + b.'vy ■{- a/- -[■ dy + e.v + f = 0, assume the form-, shew 
that the equation becomes 

bx + d I /-- -. 

and explain the meaning of it. 

10. AP is a parabola, vertex J, focus S; 7* the point 
where the axis intersects the directrix; join PJ" and produce 
it to meet the latus rectum in A'"; draw SPQ to meet NQ, 
which is parallel to ST m Q; and shew that the locus of Q is 
a circle. 

11. If O be a point in the directrix of a parabola ; and 
OA =a, 03 = b, tangents at A and B ; shew that the 
equation to the parabola referred to OA, OB aa axes, assumes 

the form \/ - + \/^ = 1. 

12. Shew that \/- + V ~ = i, is the equation to a 
4 a' 6" 



parabola whose latus rectui 



(»■ + If)' 



13. If in (11) any tangent to the parabola cut OA, OB 
in P and Q ; shew that 

OP OQ 

oa'^'ob"^ *' 

where OP or OQ. is considered as negative, if P or Q lies in 
AO or BO produced backwards. 

14. Two parallel planes revolve in their own planes 
about fixed points A, B, in the same direction with equal 
angular velocities; shew that the curve traced upon the first 
by a pencil P fixed perpendicular to the plane of the second 



y Google 



56' GEOMETRICAL PHOHLEMS. NO. VIII. DE€. 1837- 

is a circle: or if the planes revolve in opposite directions the 
equation to the curve is 



where J in the origin, BP ~ a, AB = c, and the prime radius 
is the line originally in the position AB. 



15. ABCD is any quadrilateral. Bisect JC, BD in E 
iiid F: EF is the locus of the centres of all the inscribed 



16. Shew that all lines drawn from an externa! point to 
touch a sphere are equal to one another; and thence prove 
that if a tetrahedron can have a sphere inscribed in it, 
touching its six edges, the sum of every two opposite edges is 
the same. 
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SOLUTIONS TO (No. VIII.) 

1. Eijci-TD, Prop. m. Book vi, 

2. Euclid, Prop. 20. Book xr- 

3. Lot ABCD (fig. 64) be the parallelogram whose 
diagonal is AC; E any point in it; join DE, EB ; then 
since A^CD = A ABC, the perpendicular from D on AC 
equal the perpendicular from B on AC% hence the altitudes 
of the triangles ADE, ABE are equal ; and they are upon 
the same base, therefore aADE= a ABE. Similarly 

aDEC= abec. 

4. Find C the centre of the ellipse (fig. 65) by joining 
the points of bisection of two parallel chords; take any point 
D in the curve, and with centre C and radius CD describe 
a circle cutting the ellipse in the four points D, E, F, G ; 
through C draw AA', BB' parallel to DE, EF respectively ; 
these will be the two axes; and with centre B and radius 
= AC describe a circle cutting AA' in S, H ; those will be 
the two foci required, 

5. Let A, B, C (fig. 66) be the three given centres ; find O 
the centre of the circle inscribed in the triangle ABC; draw 
Oa, Oh, Oc perpendicular to the three sides BC, AC, AB 
respectively; then Ab = Ac, Cb=Ca, Ba = Bc; and the 
three circles described with centres A, B, C and radii Ac, Be, 
Ca, respectively, will touch one another in the points a, b, c. 

6. Produce HP, ST (fig. 6?) to meet in V ; then since 
I SPY = ^ YPV, SY= YV, and IIC = CS; therefore HP is 

paraUel to CY; similarly SP is parallel to CZ; or CQ.PR is 
a parallelogram. 

7. BD, = S~bi BD., = S-c; CE, = S~i:; CE., = S-b; 

.-. BO, . BD^ = iS-b){S -c) = CE, . CE^ ; 
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or BD^ . BD.^ = CE, . CE^ = Rr. 

8. Let APQa (fig. 68) be half the hexagon, A a being 
e of its diagonals ; then if .r, y be the co- or di nates of P 
^asured from the centre C, 

PQ = 9.x, AP=9w; 

and {a - xf + y' = AP' = 4.*^ 

or SaP + 2a^ - a^ = (l - e^) (a^ - ^'^) ; 

- o ; and the side of the hexagon inscribed in 

the circle on the axis major =»; therefore the side of the 
hexagon inscribed in the ellipse : the side of the hexagon in- 
scribed in the circle on the axis-major :: 4 - 2e^ : 4 - e^. 

y. Let a, /3 be the co-ordinates of the centre ; transform 
the origin to that point by making 

.V = x + a, y = y'+fi; 
.-. « (/ + fir + I' i^' + ") (!/' + /3) + c {.v + af 

+ d(y' + fi) + e(.v+a)+f=0; 
hence 2(f/3 + fca + d = 0; 5^3 -H 2co + e = 0; 
2«e — bd 



In this case the equation to the curve becomes 
(Say + ba!y -i-SdiSay + hie) +4a/=0, 

,-.y=-{ ^ i — \/d'^-4af (1) 

which represents the equations to two parallel straight liu( 
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and any point in tliy straight line whose equation is 

will he equidistant from the two straight linos represented by 
equation (I); therefore any line drawn through that point to 
meet the two lines will be bisected in the same point. 

In this case the centre is not limited to a single point ; 

but any point whatever in the straight line y = -— - will 

bisect every line passing through it and terminated by the 
two straight lines represented by the given equation ; and will 
therefore satisfy the definition which has been assumed for the 
eentre. 

10. Let AM (fig. 69) = flf, MP = y ; draw QN' per- 
pendicular to TS, and let ^jV' = ai', N'Q = ij' ; 







then y'^SN=' 


ili.T/ 






and 


-S--'- 


y 


■ y'i 




y 


+ 7 = ~- 


y 


y ' 


2a 


w' 


a + w a -,v 


2.V 


^ax 


y 


^y' 


y y 


y 


' 2ay 


by 


multiplication 








4« 


' '".: ^ 1 or «'- 

y 


+ ?/' = 


4ff^. 


■quation 


to a circle who; 


!c cent! 


■ei. . 



= a« = ST. 

11, and 12. See Appendix, 1. Art. 19. 

13. Let /y* " -!- ^4^ - = 1 be the equation to the parabola ; 
and -- -{ — — I3 the equation to the tangent ; then, at the point 
in which the tan,iivni, mfels tlic csirvc. 
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■'('-'■ ^^-I)="("-3^ 



itid since x has only one value, the quadratic equation 

must have its two roots equal; 

b^ bn bn n^ 



14. First, let the plane of the paper which represents 
one of the given planes revolve round the point A (fig. 70); 
and let the other plane revolve round a point whose projection 
upon the plane of the paper is B. Let the point P describe 
the angle PBP' round B ; then if the plane of the paper 
revolve in the same direction round A, tlie straight line AB 
will move into the position AB', so that 

ABAff= LpBF'=(p, 
since the angular velocities are equal ; and if 

AF = r, L P'AB' = d, 
the relation between v and d will be the polar equation to the 
curve required. Let AB = c, PB = a, zABP=a, then 

P'BA = <p + a, 
and AP'B = tt - {(<}> + a) + {9 - (l>)\ = ^ ~ {9 + a) ; 
.-. c^ = a" + r^ + 2 ar cos (9 -f a), 
which is the equation to a circle. 

Secondly, suppose the planes to move in opposite direc- 
tions, then AB will move into the position AB,, and if 
I P'AB^ = 0, 
we have Z P'AB = <p +9, and z P'BA = + a ; 
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.■. r sin ((p + 9) - a sin ((p + a) = 0, 
and r cos ((p + 0) + a cos {<p -i- a) = c ; 
or r cos ((j> + 6) - a cos (<p + a) = c ~-^a cos (0 + «) ; 
and by adding the squares of the two last equations 
»•=- g ar cos (0- a) + a" = {c - 2« cos (^ + a)i^ 



16. Let A (fig. 71) be a point without a sphere whose 
centre is O; jiP any straight line drawn from J touching the 
sphere in P; let the plane JPO cut the sphere, the section 
will be a circle, and AP will be a tangent to this circle ; 

.-. AP" = AG" - OP', 
and is the same for every position of P. 

Next let A (fig. 72) be the vertex, and BDC the base of 
the tetrahedron ; and let the sphere touch AB, AC, DC, SB 
in the points c', b', b, c respectively ; then 

Ac'^Ab', Cb' = Cb, Db = Dc, Bg = Bc'; 

.: Dc + cB + Ab' + Cb' = Db -^r Bo + Ac' + Cb, 

or BD + AC^AB^ CD; 

and in like manner it may be proved that 

AB + CD = BC + AD. 
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ST JOHN'S COIvLEGE. Dec. ]838. (No. IX.) 

1. Mention the principal metliods that have been pro- 
posed for establishing the theory of parallel straight lines; 
and shew that the following principle will suffice. Through 
any point within an angle, a straight line may be supposed to 
pass which shall cut the two straight lines that contain the 



2. Give Euclid's definition of proportion ; and apply it 

to shew that in equal circles, angles at the centres have the 
same ratio which the circumferences on which they stand have 
to one another. 

3. Every solid angle is contained hy plane angles which 
together are less than four right angles. 

4. If from the point where the common tangent to two 
circles meets the line joining their centres any line be drawn 
cutting the circles, it will cut off similar segments. 

5. Of the two squares which can be inscribed in a right- 
angled triangle, which is the greatest.^ 

6. Construct all right-angled triangles whose sides shall 
be rational, upon a given straight line as their base. 

7. In the sides AB, AC of a given triangle ABC, take 
two points M, N ; and in the line joining tiiem, take a point 

MB AN MP 

am'' 

joined, the triangle PBC is twice the triangle AMN. 

8. In No. 7 the circle described about the triangle AMN 
will always pass through a fixed point. 

9. Draw the straight lines represented by the equation 

(%y-(c + c){Sy-¥ fl^-c) =0; 
and determine where they intersect, and at what angle. 
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10. Find the equation to the line which is equidistant 
from the two lines reprcBsntetl by the equation 

2/ = m,i; + c ± c'. 

11. The circles represented by the equation 

(n + l) (.^' + ^) = aa? + bny, 
when n assumes various values, will have a common chord. 

12. Find the locus of a point at which the base of a 
triangle subtends an angle equal to the .'sum of the angles at 
the base. 

13. In No. 7 find the locus of P. 

14. If the vertex and nearer focus of an ellipse remain 
fixed, whilst the centre moves in the line joining them to an 
infinite distance, the curve will become a parabola; but if it 
move in the opposite direction, the curve will become succes- 
sively a circle, a straight line, hyperbola, and parabola. 

15. An ellipse and hyperbola that have the same foci 
and centre will cut one another at right angles. 

16. In No. 15 if from any point in the circumference of 
the circle which passes through the points of intersection of the 
ellipse and hyperbola, tangents be drawn to those curves, they 
will be at right angles. 

17- Trace the curve whose equation is 

?/ = ^ iP + 2 ± \/-a/'' -3.'e +7o. 

IS. If the length of the axis of an oblique cone be equal 
to the radius of the base, every section perpendicular to the 
axis will be a circle. 

19. In the general equation of the second order 

ay'^ + b.7)y + co!^ + rfy + ew +f= 0; 
shew ivhat the curve which it represents becomes when 
b'^- i'ac= i CO. 

20. Find the conditions in order that two given equations 
of the second order may represent similar and similarly situated 
curves. 
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SOLUTIONS TO (No. IX.) 

1. See Potts' Euclid, p. 50. 

2. Euclid, Def. 5, Book v. and Prop. 33, Book vi. 

3. Euclid, Prop. 2], Book xi. 

4. Let C (fig. 73) be the point in which the common 
tangent CDE meets the straight line CBA joining the centres 
of the two circles; CFGHK a straight line cutting both 
circles; join BG, BD, BF, DO, DF, AK, JE, AH, EK, 
EH\ then because the angles CDB, CEA are right angles, 
the triangles CDB, CEA are similar ; 

.-. CD : CE :: CB : CA :: BD : EA :: BF : AH :: CF : CH; 
hence the triangle CDF, CEH are similar, and DF is parallel 
to EH. Similarly, DG is parallel to EK, .: L FDG = i KEH, 
and the segments FDG, HEK are similar. 

5. Let 3! be the side of the square ahcd (fig. 74) inscribed 
in the triangle ABC, and having one of its sides cd on the 
hypothenuse AB ; then 

Ca = ^sin^, Ba^xsecA, or w {^m A + ?.ec A) = BC = a; 
a cos A 
" * " 1 + sin ^ cos ^ ■ 
Next, let x be the side of the square Ca'c'b' (fig. 75) which 
has two of its sides coincident with the two sides CA, CB of 
the triangle ; then 

CB = Ba + Ca', or iv' tan J + ,r' = « ; 



sin A + cos A 
Now (1 - sin A) (I - cos A) is positive ; 

.'. 1 — sin .^ - cos ^ + sin ^ cos A>0, 
or 1 + sin ji cos A > sin A + cos A ; 
hence « is less than i' ; and the square which has one of its 
angular points in the hypothenuse is the greatest. 



y Google 



GEOMETRICAL PROBLEMS. NO. IX. DEC. 1838. 

Let ^ and m<v be the two sides ; then 
y (I + m-) = (hypothenuse)' = a^ (m ■{■ -\ ; 



and i£ iV •!• 2na, the sides of the triangle are 2?ira, (n' - l)a; 
and the hypothenuse = («' + l)a. 

Hence if AB (fig. 7fi) be the base, divide AB into 2n equal 
parts, and let AD, DB contain n + 1 and n - 1 parts re- 
spectively, and BE one part; then if BC be a fourth pro- 
portional between BE, BD and AD, BC = (ff - I) a, and 
AC = (n* + 1) a; or ABC will be t!ie triangle required. 

7. l.ct AM (dg. 77) = a, MB = na; .: AB = {n + \)a-, 
NC = b, JS = nb, AC=(n + i)bi 
PN = c, PM^ne, MN=(n + l)c; 
.: /^ ABC = I- AB. AC. sin A =^(n+ lyabsmAi 
aAMN = ^ AM . AN sin A = -^n ab sh A, 

or A ABC = ^^tJL^ A AMNi 



n .{n + I) ' 



NM.MA 
.: APBC = AABC~^AMJSr~APNC-^PMB 

= jf"±iL - 1 __-_I ^l A AMN = 2AAMN. 

\ n n{u + \) n + 1} 

a nQ 

8. Let JS = n, AC = Q ; .: AM = — , AN = —!^, 
'^ n-i-l n + I 

and the equation to the circle passing through A, M, N, re- 
ferred to AB, AC as axes becomes 

*^ + if - ^■'"V cos A = QyW + b^y, 
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but 


,i,„ » 


. 0, n - AM - a, i 


.-. a, = 


n + 1 


similarly 


when a 


= 0, y = h, = JN, 


■■-„^' 


and the equation 


to the circle is 








.v' + 


S«-2,.!/co.^- — 


+ n/3.^ 





Hence if aiv = fiy; x^ +y^ - Qxy cos A = ax = fiy ; from 
which equations two values of .-k and y may be found in- 
dependent of n ; therefore all the circles will pass through the 
two points so determined ; hence they have a common chord 

whose equation is ace = (iy; and ^^ynf^.^'-- V = ' innv ^^^ 
the co-ordinates of the common point through which they 
all pass. 

9, The equations to the two straight lines arc 
2j/ - .u + c = 0, and Sy + x - c = ; 
and by addition 5y = 0, or y = 0, anda; = c; hence the two 
straight lines intersect in the axis of a; at a distance c from the 

Let m, m' bo the tangents of the angles which the two 
straight lines make with the axis of x; and 9 the angle between 
them ; .: m = ^, m' = - ^, 

and tang =-^^^-^^ = ^^-^-= -1; ^=135". 



10. Let x cos a ■+ 

,v cos a + »/ SI 



(1) 

, (s) 
'. (s) 

be the equations to three parallel straight lines, whose perpen- 
dicular distances from the origin are p, p', p" respectively ; 
then if the second straight line be equidistant from the first 
and third, 
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and if cotan a = — m, the equations are 

P P v" 

siQk sill a snia 

or the second equation is 

1 l' P f'"\ 

■^ \sin a Siaal 

Hence in the proposed example the equation becomes, 

T/ = ma? + ^ {(c + c) + {c ~ c')\ = ma) -^ c. 

11. Equating the coefficients of «, we have 

Af + p" = hy, and ay^ + y° = ax ; 

Iience the straight line whose equation is o*' = by will meet 
all the circles in the same point, or the circles have a coramoii 
chord whose equation is a^ = by, 

12. Let C be the vertical angle, and 

,-. I C = 90", and the locus of C is a circle described on the 
diameter JB. 

13. Draw PV (%. 77) parallel to JC meeting JB m V ; 
and let JB, AC be taken for the axes of x and y respectively ; 
thenif^F=a^, VP = y, 

(n + 1) 
JM=(n + l)xi AN = ^— ->; 
n 

AB^in^ l)AM= {n + \fx= a; 
AC^'^AN^i'^'-A'y^h-, 



/a) ^ /v 1 n 
- + V J + - 1 i 



which is the equation to a parabola referred to two tangents 
JB, JC. 
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14. Let A be the vertex, S the focus, 

JS = c = a(_l -e); .: l + e = 2 --, 
and J/' = (l — e') (&a,v — x'^) 

= [ 2 - - j Ucx - -ic'M . 

If a>p, 2 is positive; and as a increases 

continues to be an ellipse, having the axis of .v for its 
major until « = co, when y" = icx, and the curve 
to a parabola. 

If a diminishes until a = c; the equation becomes 

f = 9.cai - A 

or tlie curve becomes a circle when C moves vip to S. 

If a < c > - , the curve becomes an ellipse having its axis- 
major in the direction of the axis of x. 

When a = - , y = 0, and the ellipse coincides with the 
axis of or. 

When a<-, if = { 2] {~w^ - Sex] , and the curve 

becomes a hyperbola. 

When a = 0, if = [-\ as^, or « = 0, and the curve co- 
incides with the axis of y. (This result is not mentioned in 
the problem.) 

When « is negative, y^ = (- + 2) f-*^ + 2ca;j, which is 

still the ecpiation to a hyperbola. 

When a =t — ca, y^ = 4ca?, and the curve again becomes a 
parabola. 
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15. Let 1- — = 1, and -77 ;: = 1 be the equations 

to the ellipse and hyperbola ; then CS^ = a^ — b^ = a'^ + 6'^, 
since the curves have the same foci and centre; and at the 
points of intersection 

a^ a^a" Ib^ + b'"\ a^a'^ 

Now if 6, ff be the angles which the tangents to the two 
curves at the points of intersection make with the axis of at, 

tan 8 = —- , tan Q = -; 

a^'y a'y 



or the tangents at the points of intersection of the two curves 
are at right angles. 

16. Let a tangent be drawn to an ellipse from a point 
h, k, and let m be the tangent of the angle which the tangent 
makes with the axis of <u ; then its equation is 

y - mm H> y/W + a'm^ ; 
and since it passes through the point k, k, 
k - mh = Y^b" + a' m\ 
Similarly, if a tangent be drawn from the point A, k to an 
hyperbola whose somiaxes are «', 5', and to, be the tangent of 
its inclination to the axis of at. 



k — m^h = \/a'°m{' — b'^ ; 
and when the tangents to the ellipse and hyperbola are at 
right angles 

wJi = , or km -f ft = \/a'''' — b"'m'' ; 



ind k - mk = x/b" + c 
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therefore adding the squares of these two equations, 

(1 4- m') (h^ + !c') = l>' + a"' + (a' - b") m^ = (l + m') (P + a") ; 

hence h" + k^ = &^ + a'^. (l) 

But if !e, y bo the co-ordinates of the point of intersection 
of the ellipse and hyperbola, 

y3 ij'y-i ' ' ' a' y^ b" ' 
an d! + ?/ - ^,^ _^ ^r, - ^'. _j^ ^.^ 



which is the equation to a circle passing through the points of 
intersection of the ellipse and hyperbola: and from equation 
(l), h, k are co-ordinates of any point in this circle. 

17. j,= i^ + 2iv^(2-^)(5 + ,^). Let A (fig. 78) 
be the origin; draw the straight line BCD whose equation is 
y = ia7-f-2 by making AB = 8, AC = 3; then BCD is a 
diameter to the curve; and if a? == 3 or a; = — 5, the curve 
will intersect the diameter in the points D, E. Bisect ED in 
G, then G will be the centre, and the curve will be sym- 
metrical with respect to ED, having equal portions above and 
below ED. When a; = 0, »/ = 2 =b v^lO ; 

hence if AH = 2 + \/l0, and AF = -s/io - 2, 

the curve will pass through the points F, H, and it is manifest 
that a- cannot be greater than a nor less than — 5, hence the 
abscissae of D and E are the greatest possible, and the tangents 
at those points will be parallel to the axis of y. 

18. Let AD (fig. 79) be the axis; BAG a section of 
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the cone made by a plane through the axis perpendicular to 
the base ; then since 

AD^DB, £BAD= /.ABD^a; 
a\so AD = DC; .: z DAC = L DCA = ji ; 
hence ^ BAC = ct + /3 ; and 2 (« + /3) = jt, 

or « + ^ = ^; 

but the angle AED which the circular section of the cone 
makes with AB = iACB = /3 ; 

.-. iADF^iAED+ lEAD^Q^w--., 
'^ 2 

or every section perpendicular to the axis will be circular. 

19. When b" — 4«c = Co, wo must have one or more of 
the quantities a, h, c = m. 

(1) Let a be infinite, and h, c finite; then y^ = 0, and 
the equation represents the axis of a\ 

(2) Let b he infinite, and a, c finite; then 

xy = 0; .•. .V = 0, or y = ; 
and the eq^uation represents the axes of «/ and a?. 

(3) Let o be infinite and a, b, finite ; then o)^ = 0, and 
the equation represents the axis of y. 

(4) Let a, b, c be infinite, and d, e, /finite; 

then y^ + - (vy + - fn' = o, 



h-^^fiS) « 



which may be finite or infinite, depending upon the values of 
- , and - , 
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If b^ — iac he negative, equation (l) can only be satisfied 

by supposing 

h^ -4>ac b _ /c 

— __ =0, or - = 2 "V - , 

a-' a a 

in which case - = which is the equation to a straight 

line. 

Hence when 6^ — iac = ± co, the equation represents one 
or two straight lines, 

20. Let ay'^ + bxy + c.z'^ + dy + eie +f=0; 

ay"' + b'afy' + e'a:'^ + d'y' + eV + /■ = o, 
be the eqaations to two curves siiiiilar and similarly situated ; 
then if a/ = mw, y' must = my ; 

.'. a'm^y' + b'm'ivy + c'm^w^ + d'my -t- e'mx +f' = o 
must agree with the equation 

a,y^ + b.vy + c/v' + dy + e,v +/= 0; 
a_ ^a b_ ^^ o_ ^^ 
•'■ Z^""/' /:™/' /"""/' 
d ^ e e 

*"■ "" af b'f c'f d'^f- e'V^' 

. « = ^ = £ = ^-^ = f! f 

■■a- b' c' d-' f €'■/' 
which are the conditions required. 
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ST JOHN'S COLLEGE. Dec. 1839. (No. X.) 

1. Describe a rectilineal figure which shall be similar 
to one, and equal to another given rectilineal figure. 

2. Explain and illustrate the fifth and seventh defini- 
tions in the fifth book of Euclid ; and shew that a magnitude 
has a greater ratio to the less of two unequal magnitudes than 
it has to the greater, 

3. is the centre of the circle inscribed in an equilateral 
triangle ABC ; shew that if AD be drawn perpendicular to 
the base intersecting the circle in E, AD is divided into three 
equal parts in O and E. 

4. ABC is an equilateral triangle; AF^ BE are drawn 
perpendicular to the sides BC, AC intersecting each other 
in D ; shew that if FG be drawn to the middle point of AB, 
it will be a tangent to the circle described about CEDF. 

5. If in the figure of Euclid, Book jv. Prop. lO the 
straight lines DC, BA be produced to meet the circle again 
in E, F, and EF be joined, shew that the triangle CEF is to 
the triangle ABD as 3 + v'^ = ^' ^^^ ^^^^ ^^^ triangle ABD 
is a mean proportional between CEF and BCD. 

6. is a point within the triangle ABC: D, E, F any 
points in the sides BC, AC, AB respectively; shew that if 
OD, OE, OF be joined, and Aa, Bb, Cc be drawn parallel to 
them from the angles A, B, C to the opposite sides, then 

OD OE OF 
l^'^'Bb'^' Cc~ ^' 

7. Eind the polar co-ordinates of the points of inter- 
section of the straight lines 

jO = 2a sec (0 - ^ j , p = a sec (^ - ^) > 

and the angle between them. 
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8. Prove analytically that the angles in the same segment 
of a circle are equal to each other. 

9. Lp is a normal to a parabola at I. the extremity of 
the latus rectum, meeting the parabola again in p ; shew that 
the diameter in which the tangents at L and p intersect) passes 
through I the other extremity of the latus rectum, 

10. Shew that if two equal parabolas have their axes in 
the same straight line and towards the same parts, the segment 
of the exterior one cut off by any straight line which touches 
the interior is invariable so long as the distance between the 
vertices is unchanged. 

11. If SQ be drawn always bisecting the angle PSC in 
an ellipse, and equal to the mean proportional between SC 
and SP, find the eccentricity of the curve which is the locus 
of Q. 

12. CPLD is a parallelogram whose sides CP, CD are 
semiconjugate diameters of a rectangular hyperbola inclined to 
one another at an angle of Co", find the equation to the ellipse 
which passes through C, P, L, D, and cuts the conjugate 
hyperbola at D at an angle of ] 5". 

13. Define similar curves; and shew that all curves 
similar to that whose equation referred to rectangular axes 
is ^ = Fx are included in the equation 

k{y- h) cosQ-k^x- a) sin 9 
= F {k {y - 6) sin 4- A; (* - «) cos 0}. 

14. CP, CD are any semiconjugate diameters of an 
ellipse; join DP> draw CP' parallel' to DP, and join PP' ; 
then the area of the trapezium CP PD is to that of the ellipse 

1 
as 1 + — = : Stt. 

■s/~ 

15. SY, HZ are perpendiculars from the foci of an ellipse 
upon the tangent at any point ; find the locus of the point in 
which HY, SZ intersect each other. 
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16. AB, AG, AD are three edges of a given parallelo- 
piped inclined to each other at angles a, /3, y respectively, 
and to the vertical at angles 0, (p, \|/ respectively ; in the side 
BECF a point P is taken whose co-ordinates referred to the 
oblique axes BE, BF are h, k; find the inclination of the 
straight line AP to the horizon. 

17- Three circles are so inscribed in a triangle that each 
touches the other two and two sides of the triangle ; prove that 
the radius of that which touches the sides AB, AC is 



'I ' + '"1 J' 

r being the radius of the circle inscribed in the triangle. 
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SOLUTIONS TO (No. X.) 

1. Euclid, Prop, 95, Book vi. 

2. See Potts' Euclid, p. 162, and Euclid, Prop. S. Book v 



JJ}' = AC'-CJD' = i^CD'-CD^ = 3CD'' = 3AF' = SAE.AD; 
AD 



Al> - iAE, 


or AE^^^; 
S 


ED = AD- 


- = ^= 


OE^^, 


.ndOi,.^ 



4. Since the angles at E and F (fig. 81) are right 
angles, a circle may be described round CEDF; also since 
AB, BC are bisected in G and F, FG is parallel to AC, 

and iBFG'=60'>; .: lAFG^SQ" = iDCF \ 
hence FG is a tangent to the circle. 

.5. Let AB = a; 



, AC.CF = a''; 

^ (S - \/5\ /\/5 ~ 1\ 



and CE.CD = BC.CF=^ {-^ 
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hence HECF ^ ^.CE .CF. sin ECF, 

A ABD =IAB.BD. sin ABD, 

ABCD-iBC.CD.sinBCD; 

aECF CF ^CF ^CE _AB _ a ABD 

'■ A ABD "bD'CD'BC^BC" aB'CD ' 

hence (aECF)(aBCD) - (aABD)'; 
and aECF : AABD :: JB : BC :: s-^^li : ■i. 

e. (Fig. 82) A BOC - ^— A ABC, 



therefore by addition 

, „ lOD OE 0F\ ,„„ 

aABC- I~-+ -„-,- + 7^ A ABC; 

\Aa Bo Co J 

OD OE OF 

7. If p be the perpendicular upon the straight line from 
the origin, and a the angle which the perpendicular makes 
with the first radius, the equation to the straight line is 

p =psec{$ - a); 
and if p = p' sec {0 ~ a) be the equation to another straight 
line, the angle between them equal the angle between the per- 
pendiculars = a — a ; hence the angle between the two given 

straight lines = — = — . 



At the point of intersecfion 



.-. 2 cos l0- ■-] = sm6i or = 
and p = 2« sec f 0--) = 2a. 
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8. Let A (fig. 83) be the origin, AB the axis of x ; and 
the equation to the circle a:^ + y" mi ax + by; therefore when 
y = 0, w = AB = a ; and if w', y be the co-ordinates of any 
point P, 

tan PAB = ^ , tan PBA = -■' , ; 
-■. tan APB = - tan {PAB + PBA) 



by' 6' 



hence ^ APB = tan"' -, and is independent of the position 
of P. 

9. Generally let QSq (fig. 84.) he any chord of a para- 
bola passing through 5*, Qp a normal at Q; then since the 
tangents at Q and q are at right angles, Qp is parallel to the 
tangent at q ; therefore the diameter to Q.p passes through q ; 
but the tangents at Q and p intersect in the diameter to Qp; 
hence the diameter in which the tangents at Q and p intersect 
■will pass through q. 

If Q he one extremity of the latus rectum, q will be the 
other extremity. 

10. Let A, a (fig. 86) be the vertices of the two parabola; 
QPq a tangent to the inner parabola ; draw Pp parallel to 
the axis meeting the exterior parabola in p; and draw PM) 
pm perpendicular to the axis ; then if L be the latus rectum, 



therefore Pp = Aa; and if « be the angle which Qq makes 
with the axis, 

pce^-.^^ypp; 

hence area of segment Qpq = | Fp . PQ . sin a 
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- i Pp v/i.Pp - ± V'LlTaf, 
and is constant. 

11. Let «« = p ; (fig. 86) ^ raa . e ; 

o (1 - «') 



iPSC=iS, and *P = - 



... p. = M(.SP)-?^ii^. 

■ p' jl -« (COS'S - sin' e)}.o-c (!-<!<); 
.-. ^ i-f-e (,ti' - j") - u'e (1 - e"), 
or (1 - e) 0'' + (1 + e) ?/' = «^e (I — e^) ; 

hence -- — - 



<.-<i(l + e) <.V(1-.) 
which is the equation to an ellipse whose centre is >S', semiaxes 

a \/e (1 + e), and a \/e(l -c), and eccentricity \/ . 

12. Since the hyperbola is rectangular, CP = CD 
(fig. 87) ; and if CL, DP be joined to meet in E, L DEL is 
a right angle ; and E will be the centre of the ellipse which 
passes through the points C, /*, L, D. 

Let CA be the semiaxis of the hyperbola = a ; 



Z)£.°'; £7. = .':^ 



and the equation to the ellipse 



where m is a constant to be determined ; 
4,/ i-if __ wy 
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and since tlie tangent at D makes an angle of 15* with DL, 
its equation is 



2y _ (4-2\/3)iP 



and since in this equation a; must have only one value, the 
coefficient of x will vanish ; 



and the equation Ijecomes 

4,)!= 4*/= 4(4- 2\/3) 



--ri/ = 



13. Similar curves are such that if two lines can be taken 
for the abscisste, and any two lines equally inclined to them 
for the ordinates, if the abscissas be taken in a constant ratio, 
the corresponding ordinates will always be in the same ratio. 

\i y ~ Fx be the equation to a curve ; let the origin be 
changed to a point whose co-ordinates are — a, — /3, and the 
axes transformed through an angle Q ; then the equation 
becomes 

(»/ - /3) cos - (.» - u) sin = F { (j^ - /3) sin + (a? - a) cos0] ; 
and the equation to a similar curve is found by putting kce 
and ley for w and y respectively ; and if ct = ha, ^ = hb, the 
equation becomes 
^■(j/-t)cos0-it(*-a)sin0 = J'{/i;(y~6)sin0 + /f(.r-a)cose5. 

14. Let the ellipse be referred to two conjugate diameters 
CP, CD ; (%. 88) then the equation to PD is -, 4 ^ = 1 ; 
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anci tile equation to CP' is -, + |-, = ; lipnce for the i 
ordi nates of P\ 

y" if- li 

„ , , o!b' sill u ah 
and A PCr' = }j CP. y sin a = i. 7-- = r- ; 

also A PCD = i «'A' sin « = — ; 



.-. trapezium CDPF' =~U + -^-) = \-^;^^ h-!rah). 

16. Draw the normal PG (fig. 89) ; then 
SG _ SP _ Pr _ SV ^ SQ 
~GH ~ PM~ PZ" Hz' ~QZ^ 

therefore Q the point of intersection of SZ, HY is in tlio 
normal PG. 

PQ__yP _SG QG 

'" Hz~ rz~ ~SH " HZ ' 

.: PQ = QG; and PG is bisected in the point Q. 

Hence if ai, y be the co-ordinates of P ; ,r', y' the co- 
ordinates of Q ; 



1" , *y' , 



|«(1 +eO| 6= 
which is the equation to an ellipse whose centre is C, i 
a (] + e'^) and h respectively. 
F 
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IG. Let AP (fig. 90) make angles a, j3', 7', with the 
three edges of the parallelopiped AB, AG, AD respectively; 



k cos /3 ,, _ 



AP 



IS 7 = 



>s /3 + A cos -) 
' AP 



hence a, /?, 7' are known. 

Let a spherical surface (fig. 91) be descrihed with centre 
A, cutting the three edges and AP, AO in the points a, h, c ; 
P, respectively ; 

-■. ab = a, ac = (i, be = y, pa^ a', ph = /3', pc - y' ; 

Oa = 0, Oh = <p, Oc= >Pi 

cos 9 - COS 8 cos \lf 

.-. in A Oac, cos Ooa = r-7, J----; 

sin /i sin y^ 

cos a' - cos /3 cos V 
and cosKcp = — — r- ^ . , — ^; -■. Z 0(:» is known ; 
sin /3 sin 7 

and cos Op = cos ^// cos 7' + sin ■.// sin 7' cos Ocp ; 

which determines the cosine of the inclination of Ap to the 
vertical, or the sine of its inclination to the horizon. 



17. Let ri, r^i, r^ be the radii of the three circles which 
touch the sides terminated at A, B, C respectively (fig. 92) ; 
Oi, Oa, Oj their centres; then A0„ SO^, CO3 bisect the angles 
A, B, C ■■, and if O^a^, O^a.^ bo drawn perpendicular to BC, 
we have 

0,Os = r.^ + n; a^a^ = %/()-, + nf - ('"3 - '^if = 2 i/r^; 

B C ,~— 

.-. BC = a = )-3 cot - + )-3 cot - + 2 Vr.^n \ 

B C , / B C\ 

or r^ cot f- )■,, cot — I- 2 v r,^r,^ = r cot h cot — - 1 . 
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_. ., , J C / / A C\ 

similany, r, cot — + r, cot — + 2 vr^r.^ = r cot — + cot — , 

A B , / A B\ 

r, cot — + )■; cot — + 2 \/r, jv = )■ cot - + cot — ; 
2 2 ' ' V 2 2/ 

C 



cot — 



CJ^ A~ 

+ cot — / cot — + 



cot — cot — h cot — 



B C 

tot — . — - }% cot — 

2 2 Vr^T; 2 



cot — I- cot - 



■^V^.- 



3 a,— sa H Si 

A A '■ A 

cos- COS- .OS- 

.A ^ / — . A A C . A A 

COS* — h 2 \/ j-iTb sm -- cos — + ]■, cot — sm — cos — 

,5 /- " " 

COS^ — + 2 \/ ''s 
9 

.A , . 

ice r, cos — I- 2 V f-,r, si 
2 

,^ / 

= r^ cos' ■- + 9 \/»'s''3 S' 
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Sirailarlv, \/)\cos~ + \/)-.siii — = v/r-, cos — + \/r, sin - 



or \/r, (cos- + 
Now 



. B 

+ sin - - 


. C . Bl . iA^ B 

sin - = 2 sin — sm 

2 i\ 4 




= 4 sm - . sin 

4 4 


. IT + A 


„s^v/^,.4sin5.si„-1i 



^'Wr. 



I A C\ 

= J- cot — + cot — , 

from which by reduction 



1 + tan — 



and sitnilarly the values of j-j, j-g are determined. 

Next let AB, AChe produced to T>, E, and R^ the radius 
of the escribed circle touching BC ; also let three circles be 
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described touching one another, and two of the lines BC, BD) 
CE; then we must suppose the triangle to have the angles 
■TT — Bf TT — C, and — A ; and if p, he the radius of the circle 
which touches DD, CE, 



SB, 



9(' 
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ST JOHN'S COLLEGE. Dec. 1840. (No. XL) 

1. If two triangles have two sides of the one equal to 
two sides of the other, each to each, but the angle contained 
by two sides of one of them greater than the angle contained 
by the two sides equal to them of the other, the base of that 
which has the greater angle shall he greater than the base of 
the other, 

2. Define duplicate ratio, and prove that similar tri- 
angles have to one another the duplicate ratio of their ho- 
mologous sides. 

3. Draw a straight line perpendicular to a piano from a 
given point above it. 

4. Prove analytically that the angle in a semicircle is a 
right angle. 

5. If ABC be a triangle where the angle C is a right 
angle, and if the sides CA, CB be produced, the straight lines 
bisecting the exterior angles at A and B when produced to 
meet, include an angle which is half a right angle. 

6. If triangles be drawn with two sides coincident in 
direction, the locus of the centres of the inscribed circles is a 
straight lino ; and if the third side be also given in length, the 
locus of the centres of the circumscribed circles is a circle. 

7. Through any fixed point A in the circumference of a 
circle draw chords AP, AQ at right angles to one another, 
and join PQ. If be a point in PQ such that PO = n x PQ, 
the locus of is a circle. 

8- In two given straight lines drawn from a point 0, 
take points P, Q in one, and P', Q' in the other, so fhat OP, 
OQ, OP', OQ' are in harmonic progression ; find the locus of 
the intersection of PQ', P'Q. 

9. Considering the tangent as the limiting form of a 
secant, shew that the equation to the tangent to a parabola is 
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the focus beiug po!e, and Q' being the spiral anglo of the 
point of contact. 

10. Determine the position and dimensions of the Conic 
Section 

3/ - 8a;/ + J?^ - av/sajy + ?.a,v\/^ = 0, 
and trace the curve 

y + ,.y = o' (a.- - f). 

11. Two cones whose vertical angles are siipplcmentary, 
are placed with their vertices coincident, and their axes per- 
pendicular ; when a plane cuts them, compare the minor axis 
of the elliptic section of one, with the conjugate axis of the 
hyperbolic section of the other, 

12. From A^ B extremities of the diameter of a circle, 
draw chords AP, BP. Find the locus of the intersection of 
circles described on JP, BP as diameters. 

13. A pyramid is constructed on a square base, having 
all its edges equal in length ; find the inclination of two of 
the triangular faces to one another, 

14. Describe two concentric and similarly situated ellipses 
not intersecting. Draw a tangent to the interior one, and at 
its intersections with the exterior ellipse, draw tangents to the 
latter. Find the locus of the intersections of the latter pairs 
of tangents. 

15. Find the locus of the middle points of a system of 
parallel chords drawn between an hyperbola and tlie conjugate 
hyperbola. 

16. If a pair of conjugate diameters of an ellipse when 
produced be asymptotes to an hyperbola, the points of the 
hyperbola at which a tangent to the hyperbola will also be a 
tangent to the ellipse lie in an ellipse similar to the given one. 
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SOLUTIONS TO (No. XL) 

1. Euclid, Prop. 24. Book i. 

2. Euclid, Def. 10. Book v. and Prop. 19. Book vi. 

3. Euclid, Prop. 11. Book. xi. 

4. Let A (fig. 93) be the origin, and the diameter AB 

the axis of <»; then the equation to the circle is y^ = 2a,T-~.v^i 

and if J/ = m,v be the equation AP, at the point P 

2ffi , 2om 
nr'as' = 2«,u — iB- ; .: x = —^ , and y = -^ ; 

hence the equation to BP which passes through the points 

, — becomes, 



or y (,r — 3ffl) which is perpendicular to AP; 

therefore Z APB is a right angle. 

i). Let the two straight lines meet in D (fig. 94) ; then 

z DAB = -i (tt - J) ; z DBA = 1 (tt - S) ; 

.-. zADB=rr-\iW~A)^^^(.-B)\=^--^^^^^_. 

6. Let AB, AC (fig. 95) be two sides of the triangle 
including a given angle A ; bisect lBAC by the straight line 
AO, then the centre of the inscribed circle will be in the line 
AO, whatever be the lengths of AB, AC. 

Next let O' be the centre of the circumscribing circle ; 

BC 

then radius ^0' = A- ; and if BC and LA be constant, 

^ sm^ 
AO' is constant; and the locus of O' is a circle whose centre 

Js A, and raduis ~ . -— . 
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1. PQ (fig. 96) passes through the centre; .-. PQ = 2a, 
P0=^9.nai, and CO = (1 —2n') a which is constant ; hence the 
locus of O is a circle whose centre is C, and radius = (l -2n)«. 

8. Let OPQ., OP'Ci (fig. 91) be taken for the axes of iv 
and y respectively ; 

let OP =a, 0(i = a, OP = h, OQ' = b' ; 
then the equation to PQ' is 

and the equation to PQ is 

hence at their point of intersection 



hence the intersection will always be found in the straight line 
whose equation is x - y = 0, which bisects the angle POQ'- 

9. Let )■ = p sec (0 - /3) be the polar equation to the 
secant: hence p = r cos (0 - /3) ; and if 9', 9" he the polar 
angles of the points of intersection of the secant and curve, 
r', /' the corresponding focal distances, we have 

75=)-' cos {9' - /3), p = »■" cos (r ~ /3) ; 
2a _„ 2(t _ 

I + cos^" 1 + cos^" ' 

. ■=°'(9'-ffl_ c°.(r- m. 

1 + cos ^' 1 + COS 0" ' 

or (I + cos S") (cos fl' cos /3 + Bin e' sin /3) 
- (1 + cos S') (cos S" cos ft + sin 9" sin /3) ; 
liciicc (cose'- cos 0")cotfi = jsin ^''-sinB' + sin(e"-e') { sin (3 ; 
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. siji „ = COS 1- COS — -^ tan p 



lience tan (3 = i J tan — + tan — | ; 

'^ ^ \ 2 ^ I 

avid when 6', 0" approach to one another, 

^ n ^' 

tan B = tan — , or « = — ; 

also p = r cos (ff - S) = r cos - = h sec* — . cob — = « sec - ; 
licnce tile polar equation to the tangent becomes 

10. The equation is that of a parabola. 
Transform the origin to a point a, /3 in the curve by 
making x = ce + a, y = y' ■¥ (i; 
■■■ 3 {y +(iy-2\/3 (w + a) (y + /3) + (x + af 

~ 8aiy' + (i) + Say/s {^' + a) = ; 
hence 3y'^ - 2 \/3 .^f'j/' + x'^ + rf'j' + e'<e' = 0, 
where ^{a,/B) = 0; 0/3 - 2 \/3a - 8« = rf', 
2ci - 2 \/3/3+ 8(T\/3 = e'. 

Again, transform the equation to polar co-ordinates by 
putting ai' = p cos 9, y = p sin 9 ; 

.■. (\/3 sin - cos Ofp + (d' sin 9 + e cos 0) = ; 



4 sin* (0- 6)p +e sec S . cos (fl - ^) = : 
which is the equation to a parabola whose axis makes an ^ 30 

, , , „ , , , e' sec ^ 

with the axis or ,v, and the latus rectum = — — -— . 
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6/3-2\/ia-8« 1 

Now -= — = — -= ; 

2a ~ 9 \/ 3 /3 + 8 a v^3 i/s 

.-. /3v/3-a = 2«\/3; 

and e' = 8« v^g -2(9B'\/3) = 4«\/3; 

4.a\/3 2 
,'. latus rectum = . — ;= = — 2 a : 

.^(o, /3) . 3/3'- 2 \/3<i/3 + o' - 80/3 + So \/i.a . ; 

.'. So (3 - v/so) - (\/3/3 - o)= = 12o", 

or 9 (/3 - \/3«) = 3a; 

and 6/3 - 2 \/3« = l^n, 

.-. 1(3 = 90; anil /3 - — ! 

also 2 \/ia = 2/3-3« = — -3« = — ; 

,„.=^; 

4 

a, /3 are the co-ordinates of the vertex of the parabola, and the 
negative sign of the latus rectum shews that it extends in- 
definitely on the negative side of the origin, 

(2) To trace the curve f + .v^f = a^ {;«^ - y%_ let the 
equation be transformed to polar co-ordinates by putting 

,^ = f3 COS0, y = ^ sin 9; .-. ^ = a'ico^Q - l); 

and when = 0, /s = M : also 



hence the value of the ordinate = ± « when w is infinite, or 
the curve has two asymptotes parallel to the axis of ai at a 
distance a from it. 
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As increases from to — ; p diminishes from infinity to 0, 

and the curve passes through the origin. 

Since by putting — at for a:, or — ^ for y, the equation to 
the curve is unaltered, it is symmetrical both with respect to 
the axis of a? and y, and has a point of contrary flexure at the 
origin A. The curve is of the form traced in fig. 98. 

11. Let AP (fig. 99) =p be the perpendicular upon the 
cutting plane PBC ; 6 the inclination of AP to the axis of 
the cone; draw BD, CE perpendicular to the axis; and let 
2 a be the vertical angle of the cone, 9 6 the rainor axis of the 
section, then 

4?)^ = BD.CE = 2p sec {0 - a) sin a fsp sec (6 + a) sin a j 

4p^ sin* a ip^ sin'' a 



Similarly, if ff be the angle which AP makes i 
axis of the second cone whose vertical angle is 2 a'; 



-2o, and $' ^ - +$; 



which is the ratio required. 

12. Draw PM (fig. 83) perpendicular to AB; then since 
the angles AMP, BMP are right angles, the semicircles de- 
scribed on AP and BP both pass through M which is their 
point of intersection ; and the locus of the intersection of the 
circles is the line AB. The same is equally true when P is 
any point whatever, and the locus is independent of the circle 
APB. 
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13. Let A (fig. 100) be one of the angles of the base; 
with centre A describe a spherical surface intersecting the two 
triangular faces and the base in aft, ac^ be; then 



* ibac 



= ac = 60", bc = go"; 

cos 90 — cos 6o . cos 60 
sin 60 . sin 60 



and zbao which measures tlie inclination between two tri- 
angular faces = cos"' (— ^) = "Jr — cos'' -^. 

14. Let i- ^ = l) and -^ + 7^= 1 be the equations 

a^ Ir a' b^ ' 

to the two ellipses ; then the equation to a tangent at a 

point CO, y of the first ellipse is 



, yy 



(0 



Let a pair of tangents be drawn from a point X, Y to 
the second ellipse, then the equation to the line joining the 

iioints of contact is - .— + - .-- = 1 ; and in order that this 
' a" b' 

may coincide with equation (l) we must have 



^ y y 

= -r-> -, = 775 ) and 



iS) 



which is the equation to an ellipse whose semiaxes are 



15. Transform the origin to a point a, /3 ; then tlio 
equation to the hyperbola is 



(y + fi\- 
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and if 1/ = mw be the equation to a chord passing through 
the origin, when the chord meets the hyperbola 

[ b I ' 

and the values of ,v in which the chord meets the conjugate 
hyperbola will be determined from the equation 

a' \ b j 

but when the origin is the middle point of the chord x' = - x; 
j\ m^ „ /2a 2m/3\ a^ (X' 

and -T - 77 * " ^ ri - -I? M^ + -2 - ^ + 1 = <* ; 
la m&\ 

■■•*(«•- /)"-^-°^ 

and by addition 
hence by eliminating .v, 



which gives a relation between a and /3, and is the equation 
required. 

16. Let the equation to the ellipse be --;j + 77; = J ; and 

let w, y be the co-ordinates of a point in the hyperbola at 
which a tangent to the hyperbola will be also a tangent to 
the ellipse, then 
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... li-Y^CL)-^,., 

ov a'''^y^ + b'^iv^ = 4^^, and <rf/ = m" ; 

which shews that the point as, y lies in an ellipse whose senii- 

2m' , 2m^ , „. . . ., 

conjugate diameters are — ;- and ■ — — , or the ellipse is similar 

to the original one. 

In this example an ellipse has been found similar to the 
original one which will pass through the points denoted by 
m, y; but the two equations a'^y'^ + ft'^oi^ = 4m', and wy = m^ 
may be combined in every possible way, giving different curves 
which will intersect the hyperbola in the required points. The 
curve may ho reduced to a right line for 

a'^y^- ± 2a'h' soy + b"^!e^ =- 4m' i Sa'b'm^, 



or a'y ± 6'a! = ± m \/4m^ ± Sab' ; 

either of which pair of straight lines will intersect the hyperbola 
in the four points required. 
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ST JOHN'S COLLEGE. Dec. 1841. (No. XII.) 

1. The rectangle contained by the diagonals of a quad- 
rilateral figure inscribed in a cii'cle is equal to the sum of the 
rectangles contained by its opposite sides. 

2. Four circles are drawn, of which each touches one 
side of a quadrilateral figure and the adjacent sides produced ; 
shew that the centres of these four circles will all lie in the 
circumference of a circle. 

3. If JBCD be any quadrilateral, M, N, P, Q the bi- 
sections of its sides, prove that 

AC' + BD'' = 2 (MP' + Net). 

4. Three circles, whose radii form a geometric pro- 
gression, having 2 as a common ratio, touch each other ; find 
the angles of the enveloping triangle. 

5. The lines joining the angles of a triangle with the 
points in which the escribed circles touch the opposite sides, 
meet in a point. Shew also that if the base and the sum of 
the other sides is constant, the locus of the centre of the 
escribed circle touching the base is an ellipse. 

6. Two semicircles are described on the segments of the 
diameter of a semicircle whose radius is r; shew that the 
locus of the centre of the circle touching these three semi- 
circles is an ellipse whose semiaxes are — - , and — -j . 

7. Tangents are drawn to an ellipse so that the product 
of the trigonometrical tangents of their inclinations to the 
major axis is constant; prove that the locus of their intersection 
is a conic section. 

8. Through A the common vertex of two similar ellipses 
ABB', ADD' whose greater axes coincide, draw chords ABD, 
ASD' and join BB\ DD' ; BB' will be parallel to DD'. 

9. If .ii be the elliptic area contained by two semi- 
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diameters including an angle a, and B that contained between 
two semi-diameters at right angles to the first, then 

fa h\ 2A 2B 

- + - cot a = cot - — + cot . 

\b a! ab ah 

10. The straight lines drawn from any point in an equi- 
lateral hyperbola to the extremities of any diameter, are in- 
clined at equal angles to the asymptotes, 

11. Prom any fixed point P in an hyperbola, draw PA, 
P^ parallel to its asymptotes, and from another fixed point 
Q draw any straight line cutting these in «, h and the curve 
in f ; then pa ct p6, 

12. A, B are two fixed points, P, Q any two points ia 
the line AB or AB produced, such that 



find two other fixed points M, N, such that 

QN ~ PM " ' 

and find the values of K, AM, AN. 

13. If any number of quadrilaterals inscribed in a circle, 
have a common side, and the sides adjacent to this be pro- 
duced to meet ; the lines joining the point of concourse, with 
the intersection of the diagonals of the quadrilateral shall ail 
meet in the same point. 
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SOLUTIONS TO (No. XII.} 

1. Euclid, Prop. D. Book vr. 

2. Let ABCD (fig. 101) be the quadrilateral figure; 
the centre of the circle touching AB and the two sides Ci?, 
DA produced ; then OA, OB bisect the exterior angles of the 
figure, and L AOB = tt - {OAB + DBA) 

Similarly if O' be the centre of the circle touching CD 
and the two sides BC, AD produced, 

2 2 9 

hence A AOB + i DO'C = tt- 

Also if P, P' be the centres of the circles touching the sides 
AD, BC respectively, Z APD 4- £ BP'C = tt ; and the op- 
posite angles of the quadrilateral figure OPO'P' are together 
equal to two right angles ; hence a circle may be described 
about OPO'P' ; and the centres lie in the circumference of this 
circle. 

3. MN and PQ (fig. 103) are each parallel to AC, and 
AC 

equal to ; also QM and PA'' are each parallel to BD, and 

equal to — - ; hence MNPQ is a parallelogram whose di- 
agonals are MP, NQ ; 

.-. MP' -I- N(^ = 2 Mjsn + 2 QM' = ^ AC + ^ BD" i 
.: AC + BD'' = 2 {MP'- + NQ'). 

4. Let A, B, C (fig. 103) be the centres of the three 
circles whose radii are as 4, 2, 1 respectively ; ah the direction 
of the common tangent to the circles whose centres are A, B; 
ac the direction of the common tangent to the circles whose 
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centres are A, C; be the common tangent to the circles whose 
centres are B, C ; join AB, AC, BC and produce them to 
meet ah, ac, be respectively in d, e, f; then the triangle aic 
will touch the three circles with the sides be, and the two 
sides ab, ao produced ; but there cannot he any triangle 
which envelopes the circles and touches them with its three 
sides. 

Let j-j, 3'a, r^i be the radii of the three circles whose centres 
!ireA,B,C; LCfc=e, ^Aec=<l>; then 



sin A db = = y—^ = 1 = sin ; 

I ABC- lBfc = Tr - Zabc -zAdb; 

or Aahc=iT-ABC='K-B. 

Again lead + LeAd = L Adb + lAec^Q + <l>, 

or Leab = 6-vtp- LCAB; 

.-. L ach = -a- - {iv - B ■¥ Q -[■ <j> - A\ =A + B-(6^^)i 

but sin0 = l; smth = '^-^^^ = -; BC=3r„ AC=5r„ AB=6rr, 






a = Sin ' -^ + Sin -y — s 
2\/l4 . _ 2\/l4 



5, (l) Let (fig. 104) be the centre of the circle 
wliich touches the side BC and the other two sides produced ; 
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M, N, P the three points of contact of the escribed circles 
with the sides ; then 

BM^S-c; BP^S-a; CN = S - a; 

and if BC, BA be the co-ovdinate axes, the equations to AM, 
CP are 



S'~c V ' a S-a 
and the co-ordinates of N arc 

j(^JV), anci:(CJV), 

hence the equation to BN is 

and for the points of intersection of AAI, BN we liave 
^ a{S-c) _ c{S-a) 
' S ' " .V ' 

which are the same as the co-ordinates of the point of inter- 
section of BN, CP; therefore AM, BN, CP meet in the 
same point. 

(2) Next let BC bo the axis of ,r ; BM - .r, MO-ij; 
SC-at BA + AC-t; tlien 
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and y^ = —;^ i"'^ - ■^^) 
which is the equation to an ellipse having the base for its 
axis minor, and axis major = ■\/ — . a. 

6. Let AB (fig. 105) be the diameter of the given semi- 
circle whose centre is 0, and radius r ; C a point in AB the 
centre of another semi-circle whose radius isr'; D the centre 
and p' the radius of any other circle which touches the two 
former semi-circles ; P the centre and p the radius of the 
circle which touches the three circles whose centres are C, O, D; 
draw PM perpendicular to AB, and let AM = x, MP = y; 
w', y the co-ordinates of Z>; then (Solutions of Trigonometrical 
Problems. Ex. 18. No. 15) 

.V r + r" y y 
p r -r" p p 
and when the point D is in AB, y' = Q% 

■ - = !:±!1 .1 = 2- 

" p r^r" p 
and (x - r'f + y"^ = (p + r'y, .-. ai' -'Jr'x + f = p" + Zpr' ; 

and - = -' — -- ; -■. ar + y"' ~ p' = 2/ {x + o) = 2r {w - p) ; 
r ic-vp 



which is the equation to an ellipse whos 
and — ;=. 
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If P be the centre of the n'^ circle inscribed between the 

circles whose centres are C, O, D ; .v^,p„ its co-ordinates ; we 

have 

w„ r + r' y,. ti' y„ , , 

— = ; -- - ^ = 9JJ ; or ^' = 2n, since »/ = ; 

and (»■„ — r'y + yl= ((>„ + '"')' ; 

.*. /si ~ 2r' ■x„ -i- yl <= pi + 2/ p„ ; 

and .«^ + y^ - /'^ = 2J-' («„ + jj„) = Sr (.17^ - jo,) ; 



/ 4ra^ - 1 
which is the equation to an ellipse whose semi-axes are 



and co-ordinates of the centre r, and -— r. 

7. The equation to a tangent at the point a;', y of an 
ellipse is '—^ + 77-= ^ 5 ^i"! i^ tangents be drawn from a 
point JC, y without the ellipse. 



Let m he the tangent of the angle which one of the 
tangents makes with the axis of w; then 
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IJS __„ , ■ — 

or -; = v^6^ 4- «' wz^ ; hence Y - mX = \/h^ + a^m', 

or m^{X' '-a^)-'lXYm^Y''-b-' ^0; (i) 
and tlie product of the two values of w* = «; 

which is the equation to a conic section whose centre is the 
centre of the given elhpse. 

From equation (l) it appears that if the sum of the two 
2 XY 
values of m be constant = (i; -„-j- - ^ ~ /^' **^i*^'' ^^ the 

equation to a hyperbola. 

8. Taking the polar equation from the vertex, if iBAC 
(fig.io6)=0; AffAC = &, AB = p, ADr^p'; 2 a, 2 a' the 

major-axes, and e the eccentricity ; then 



S»Cl -e^)cos0 


, 2<.'(i ^c')oose 


l-e-cos-e ' 


<' l-e'cos'8 


AB p a 
■ 35 ~ p' ~ ? ■ 


Si„.i«,^.^; 


AB AB' 


AB AB 


'■ AD AD" 


" AB~ AB ' 



hence BS' is parallel to DJ}'. 

9. If x, if, .'/, y' he the co-ordinates of P, P' iu the 
ellipse (fig. 107); then 

area PCP' = area JCP' - ACP 

= — f cos"' cos"' — ) , 
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.■. tan - 



ay_ _ ay 
2 J h w b ^ a (tan g' - tan 6 



jay y I 



where Z PC A = 0, £ P'CA = 0', and S' - 9 = 
tan 6' - tan 8 



Similarly, cot 



ob a " [ 1 + cot 6 cot 9' j 



( - j + tan tan ( 
= - cot I 



- tan d tan 6' 

a=\ /a b\ 

ao ao a \ h- j \b a/ 

10. The straight lines drawn fram any point of a conic 
section to the extremities of a diameter are parallel to two 
conjugate diameters; and in the equilateral hyperbola every 
pair of conjugate diameters is equally inclined to the asymp- 
totes ; hence the straight lines drawn to the extremities of a 
diameter are equally inclined to the asymptotes. 

11. Let the asymptotes (fig. 108) be taken for the axes; 
a, /S, «!, /3i the co-ordinates of P, Q respectively ; a, /3' the 
co-ordinates of jj ; a, /3", a", /3 the co-ordinates of b, a re- 
spectively; then the equation to pba is 
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y - /3, . m (a^ - o,)> «nd ^' - ^, - m (a' - e,,), 
(}"-/3,-™(a-a,)i .-. /3'-/3" -»(«'-«) ^ 

Now a/3 = n^, «'/3' = a^, from the equation to the hyperbola ; 

hence "l.-,.-^; 

pa a- 

but /3'-/3, = 'V- — = m{«'-«i); 

.■, m = — ■ -y- ; hence — = — , 
a a, pa ai 

which is independent of m, or ph « pa. 

12. Let -^jT/ (%. 10(i) =m«, BN <= n^, PM = mx, 
QN = ny ; 

.-■ k {X + a){y + fi) + l{y + ^) ~ g{a: + a) - h = 0, 
or A:a;y + {ka + l)y + {kfi ~ g) x + /c«/3 + /;3 - g-o - /t = ; 
and if a, /3 be assumed so tliat 

ka^^l^-ga-h^O, and ka -^l = - {k^ ~ g); 

.-. k(i'=g - I - ka\ 

hence - Aa (Aa + /) + ^ (§■ - ^ - Aa) - AA ■= 0; 

.-. k^a* + nkla + P = gl - kk; 

or ka + I = ^ \/gl — li-k, 

and kwy + (fta + ?) (1/ — .t) = 0; 

1 _ 1 k ^_A jr 

y m ka + l~ \/^l^hk ~ 
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Also JM = ma = m f - 



\/gl - hk - l\ 
k } 



and JN = JB- BN is known. 

13. Let JB (fig. 110) be the common side of the 
quadrilateral ABCD ; produce AD, BC to meet in E; and 
AB, DC to meet in G; then EF i& the chord of contact of 
two tangents drawn from G, a point in AB (App. ii. Art. 6l) ; 
but if pairs of tangents be drawn from any point in the straight 
line AB, the chords of contact will all pass through a fixed 
point ; hence EF pass through a fixed point. 
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ST JOHN'S COLLEGE. Dec. 1842. (No. XIIL) 

1. What are the objections to Euclid's theory of 
parallels.!' State any other theory that you recollect. 

How did Legendre escape the difficulty by an analytical 
process. 

2. Similar triangles are to otic atiothei- in the duplicate 
ratio of their homologous sides. 

3. If a straight line be at right angles to a plane, every 
plane which passes ihrougli it is at right angles to that plane. 

4. If two circles intersect, the common chord produced 
bisects the common tangent. 

5. If A be the vertex, 5" the focus, FSp a. focal chord in 
a parabola, the triangle PJp varies as V'Pp. 

6. Let the three perpendiculars from the angles of a 
triangle ABC on the opposite sides meet in P ; a circle de- 
scribed so as to pass through P and any two of the points 
A, B, C is equal to the circumscribing circle of the triangle. 

7. APB is a segment of a circle. Take any point P, 
and let PC be drawn dividing the angle APB in a given 
ratio ; shew that the dividing lines all pass through a point, 
and find its co-ordinates. 

8. The locus of the foci of all ellipses described with 
their major-axes parallel to the base of an isosceles triangle, 
and touching its three sides is a circle. 

0. Given a circle and two points A, B exterior to it, 
find a point X in the circle such that if XA, XB be drawn 
cutting the circle in P, Q ; PQ, shall be parallel to AB. 

10. If V be the radius of the inscribed, r„ v^., )■-,, )■,, the 
radii of the escribed spheres of a triangular pyramid. 



y Google 



1 08 GEOMETRICAI 

11. If a tangent be drawn to the intevior one of two 
similar concentric ellipses whose axes are in the same straight 
lines, meeting the exterior one in P, Q, and at P, Q tangents 
be drawn to this latter intersecting in S, the locus of ^ is a 
similar ellipse. 

12. CP, CQ are conjugate diameters of an ellipse; on 
PQ describe an equilateral triangle PQR, and find the locus 
of R. 

13. Find the area included by normals to an hyperbola, 
which pass through the foci of the conjugate hyperbola. 

14. From P, the point of concourse of two tangents to a 
parabola, PQ, PQ', draw PABC meeting the curve in A, C, 
and the line QQ' in B ; then PC is divided harmonically. 

15. Two equal ellipses which have the same centre, have 
their axes inclined at a given angle, find the angle between the 
curves where they intersect. 

16. A plane is drawn through a tangent to the circular 
base of a right cone cutting off an oblique cone whose volume 

is — th of the original cone, if d be tlie inclination of the 

cutting plane to the side of the cone, 2 a the vertical angle, 
sin 2a cot 9 = n^ - cos 2 a, 

17- If a hexagon be described about a circle or ellipse, 
the three lines joiuing opposite angular points intersect in a 
point. 

18. Give the geometrical construction of the following 
equations : 

(1) y^ - i.-Bt/ + 5.1^' ~ 21/ + 5 = 0. 

(2) i/ ~ 3m/ ■+ x^ - 2y - 3,v - 3 = 0. 

19, If a conic section be touched by four straight lines, 
the locus of its centre is a straight line. 
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SOLUTIONS TO (No. XIII.) 

1. Ske Potts' Eudid, p. 50. 

2. Euclid, Prop. 1^, Book vi. 

3. Euclid, Prop. J8, Book xi. 

4. Let PQ (fig. Ill) be the common tangent, JB the 
common chord ; produce AB to meet PQ in T; then 

TP- = TB . TJ = TQ', or TP = TQ ; 
hence PQ is bisected in T. 

5. Let ^.S'ff (fig. 112) be the axis; zPSB^O; then 

SP -i Sp=- v; .■.Pp=—~-i 

I - cos "^ 1 + cos sin-' ^ 



»V-^= 



and A PJp = ^AS.Ppsin0 = ^-^ = «= V ~ =- \^'Pp- 

6. i^PB(%. lis) =7r-(^PJS+ ^PBJ) 

^^_p_5 + --^')=^ + iJ = 7r-C; 

therefore the radius of tlie circle circumscribing APB 
JB AB 



the radius of the circle circumscribing the triangle ABC. 
Similarly, the radii of the circles circumscribing the triangles 
APC, BPC are each of them equal to R. 

7. Let A PAB (fig. 83) = 0; lAPB =(«+!)«; 
lAPC = a\ .-. LPCB'=e +a\ 
and if a be the radius of the circle, 

^P = 2a sin ^SP= 2a sin {& ^ (n + ])«}; 
hence the co-ordinates of P arc 
Srasin {9 + (Ji + 1)«| cos^; 2 a sin {0 + (m+ l)o} sin0; 
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and the equation to PC is 

y ~^a sin \$ + {n + l) a] sin d 

= tan (9 + a)\_x-2a sin {5 + (n + 5) <a} cos i9] ; 

or ycos(9 + c() + 2ffl sin {0+ {m + 1)(iJ sin a = sin (0 + a) ,r ; 

hence y cos {$ + a) + 2 a sin a ■ cos n a sin (0 + a) 

+ 2« sin tt sin wacos (0 + «) = sin (0 + a).!! ; 

wliich is always satisfied by making 

.v = 2 a sin a cos wa ; ?/ = — S« sin a sin wct ; 

hence PC always passes through a fixed point whose co- 
ordinates are 9 a sin a cos «a, - 9«sin asinnn. 

8. From the vertex A (fig. 114) draw AD perpendicular 
to the base of the triangle ; let C be the centre of one of the 
elhpses which touches the base in B, and one of the sides in P ; 
S its focus ; draw FN perpendicular to AB ; then if 

z PAB = «, CN = y, PN= x, AC - X, CS = Y; 
we have 



A'+h= AB = c; JC=^= X; tan z PAB 




or X'^ — Y^ cot^a = h^ cosec^ a = {c — Xf cosec^a ; 

.-. X^sm"a- Y^co^^a^c^-2cX-v X''; 
hence {X^ + F') cos^a - 2cX + c' = ; 

or {X-c sec= a)= + F" = (c seca tan«)\ 
which is the equation to a circle the co-ordinates of whose 
centre are caec'a, 0; and radius e sec a tan a. 
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If EF be drawn perpendicular to AE meeting AB in F:, 
the circle described with centre F and radius FE will be the 
lociis of S. 



QB AP' 

Trom A, B draw AT, BT tangents to the circle; then 

AX.AP = AT'; BX.BQ^Br'; 
°' TPT" ~ AT' '' ■■■ BX : AX ■,. BT : A T. 
Hence divide AB in D so that 

AD : DB :: AT : B^ :: AX : BX; 
and AE : EB :: AT : BT' :: AX : BX; 

then the angl^ AXB, BXP will be bisected by the straight 
lines XD, XE; therefore lEXD is a right angle, and if a 
circle be described upon the diameter DE it will intersect the 
given circle in two points X, X' either of which will satisfy 
the conditions of the problem, 

10, Let A-i, A3, Ai, Af be the areas of the four triangular 
faces of the pyramid ; V its volume ; then if C be the centre 
of the inscribed sphere, the volume of the pyramid is equal to 
the sum of the volumes of the four pyramids whose common 
vertex is C and bases Ay, A^, As, A^ respectively ; 

Also if Cj be the centre of the sphere touching Ay , and 
the planes A^, A3, J^ produced; the three pyramids whose 
bases are A^t A^, Ai and vertex C,, will exceed the original 
pyramid by the pyramid whose vertex is Ci and base ^1; or 

similarly, F = ~ (i, ^A^ + A^- A,) ; 
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r=~ (J, + J, + As- J,) ; 
,3 ^ 

V V sF 

i- - + - = ^ (J, + J-^+ A, + J,) = — ; 



11, Let a, b; ma, mb be the semi-axes of the interior 
and exterior ellipses respectively ; then the equation to a 
tangent at a point x, y of the interior ellipse is 

?i; 4? -....(.). 

Again, let^, Fbe the co-ordinates of R; then if tangents 
be drawn from the point X, Y to the exterior ellipse, the 
equation to the chord of contact is 

and in order that this may coincide with equation (i) we have 

which is the equation to an ellipse whose semi-axes are m'V, 
m^b, and therefore similar to the two given ellipses. 

12. Let CP = a\CQ,^b' ; (fig- Hfi) zCPQ = <p-. 
^PCA = d; zQCa = e'; /^ FCQ = -tt - a; 

X, Fthe co-ordinates of R referred to the axes of the elhpse 
as axes ; then 

^ = «' cos ^ - PQ cos (60 + - f ) ; 

r = a' sin + PQ sin (60 ^-^p-Q); 
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also PQ cos = «' + ft' cos a ; FQ sin <j, = h' sin « ; 

.-. X =. a'cos e~(_a' + b' cosa) cos (fid ~0) + b' sin a sin (6o - 0) 

= a {cos - cos (60 - 0)} - b' cos (6o - + a) 

= a sin (30 - 0) - 6' sin (SO - $') ■ 

r = o' sin e + {a'-i- b' cos a) sin (60 - 6) + b' sin o cos (60 - 6) 

= «' jsin + sin (60 - 6)} + b' sin (6o ~ + a) 

= «' cos (;J0 ~9) +b' cos (30 - 0') ; 

now a' cos = ,r, a' sin 9 = j/ ; 
&' cos 6' - ta' ~ -1/ ; i' sin 0' = - ,1? ■ 

a; \/3 a 6 /- a + b'\/3/.v y\ 

.-. X = -y W H \/ 3 .n; = i ■ 

2 2 26 2h 2 V« fi/ 

V's ^ \/3« ft b + a\/3fx t/\ 



\a + b\/s' \b + a\/s' 
which is the equation to an ellipse whose semi-axes are 
a + bs/s b-\-a\/3 

13, Let S' (fig. 117) be the focus of the conjugate 
hyperbola ; S'PX a normal ; a!, y the co-ordinates of P ; 
then the equation to the normal S'PK is 

and when x = 0, 



. (^1 + p) J - Cy - ■/'„' + (r ; 



:• + 4- 



y Google 



114 OEOMBTBICAL FUOBLUMS. NO, XIII. DEC. 1842. 

also when y = 0, w = GK = il +— j .v% 



and — = 1+ f„ = I + — — - = — — ; 



and tiie area included between tbe four normals 



14. Let FQ, PQ' (fig. 118) be taken for the co-ordinate 
OS ; FQ = a, PQ' = b ; then the equation to the parabola is 



VuVhu 



and the equation to QQ' is + - = i ; also let y = mai bo the 

equation to PABC, w, x" , of" the co-ordinates of A, B, C 
respectively ; hence 



V* + ^^J"_ = 1, v^ - v*^ 



But PA, PB, PC are proportional to at', ie'\ x"'\ 
i 1 2 

"'■ pj'^pc'^pb'' 

and FABC is divided harmonically. 

15. Let CA, CA' (fig. 119) be the major-axes of the two 
ellipses inclined at an angle a ; their polar equations referred 
to the fixed line CA are 

s ^' >, *' 
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hence at the points of intersection 

cos t) = ± cos (0-a); 



When jlACP = -, produce CP to Q, and draw PT a 

tangent at Pi then the angle at which the curves intersect 
= 2 ^ TPQ ; 

e' sin cos , ^ a 

but cot rPQ = —- -3 wliere = -; 



At the second point of intersection = - 
the angle between the curves 

e^ sin a 
= Scot"' . 



16. Let JB (fig. 120) be the slant side of the cone; 
BC the diameter of the base; BD the axis-major of the 
elliptic section ; draw DE parallel to BC, and AP perpen- 
dicular to BD ; then the axis-minor of the elliptic section 

= \/CB . DE, I CAB = 2a, i ABD - 9 ; 
of oblique sectii 
volume of the cone 
^ . AP K area of elHptic section 
^ . AB cos a X area of circular base ' 
AB sin e^ir.BD. s/'cif . DE 
'^ ^S cos « X TT . BC^ 

'' COS a 'bC' ^ BC ~ cos^ ■ fiC JB' 
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'^" A^/_ ^'" 



a sm(2a-i-0) sin (2a + 0) 

sine 19 



\sin(2a + 6)\ 



, sin (2 a +0) 

17. See Appendix, Art. 75. 

18, (I) y' - (4.,r + 2) J/+ (2iP + I)= + x' - 4,1? + 4 = 0; 

.-. (j/ -2^7 + l)=+(a7 -2^ = 0; 

wliich equation can only be satisfied by making * — 2 = 0, 
and y - 2,v — 1 =^ ; .-. a; = 2, »/ = 5 ; or the locus is a point 
whose co-ordinates are 2, 6. 

(2) Transform the origin to a point a, /3 in the curve, 
by making ,v = a;' + a, y = y' -^ fi; 
.■.{y'+(iy-^w'^a)(y'+^)-V{,w'+af-ii,y+i^)-^ix'+a')-S:=0; 

or {y - a/f + (2y3 - 2a - 2) i/' + (2a - 2/3 - 2) «' = 0, 
and (/3 - af - 2/3 - 2a - 3 = 0. 

Let ^^ =i=tan5; and transform the equation 

to polar co-ordinates ; 

.-. 2^ sin^ (0 - g) + 2 v^ O - a - 1) cos (^ - ^) = ; 

hence « = /3 = - f , p sin' (0 - S) - v^2 cos (0 - ^) = ; 

which is the equation to a parabola, the co-ordinates of whose 

vertex are a = (i = —^\ the latus rectum = ^g ; and axis 

inclined to the axis of a? at an angle ^ = 4.5, See fig. 121. 

19. See Appendix, Art, n. 
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ST JOHN'S COLLEGE. Deo, 1843. (No. XIV.) 

1. Similar triangles are to one another in the duplicate 
ratio of tlieir homologous sides. 

2. Draw a straight line perpendicular to a plane from a 
given point without it. 

3. Shew that the equation to the ellipse referred to any 
pair of tangents as axes, is 



(^)"-(^)" 



A, k being the portions of the tangents intercepted between the 
ellipse and their common point of intersection. 

Find the corresponding equation to the parabola. 

4. Prove analytically that if from a point without a circle 
two straight lines be drawn, one of which cuts the circle and 
the other touche.s it, the square of the line that touches the 
circle is equal to the rectangle contained by the straight line 
which cuts the circle and the part of it without the circle. 

5. The portions of the tangent at any point of an 
equiangular hyperbola intercepted between the curve and 
asymptote, are equal to the distance of the same point from 
the centre. 

6. Find the locus of the middle points of all chords of 
an ellipse, (l) which pass through the extremity of the axis- 
major ; (2) which pass through the focus. 

7. Find the diameter of the circle whose equation is 

*■* 4- j/^ + 2^y cos(o = ax + by. 

8. A straight line of given length slides between a circle 
and a straight line ; find the locus of the middle point. 
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9. Two straight linea revolve uniformly in one plane 
about one extremity ; the one moving twice as fast as the 
other. Find the locus of their points of intersection, supposing 
them to begin to move together from the straight line joining 
their fixed extremities. 

10. Find a point external to two circles in the same 
plane that do not meet, such that if straight lines be drawn 
through it cutting both circles, the portions of all such straight 
lines intercepted within the circles shall be proportional to 
tbeiv radii. 

11. Hence draw a pair of common tangents to two circles; 
and determine within what limits a point must bo situated, so 
that a straight line may be drawn from it cutting both. 

12. Two straight lines include a given angle 2a, and 
from their point of intersection a straiglit line of given length 
is drawn bisecting the angle between them. Determine the 
locus of the middle points of all straight lines drawn through 
the extremity of this line to meet the other two. 

13. Lines are drawn through the angular points A, B, C 
of a triangle through any point meeting the opposite sides in 
a, b, c; a circle is described through these three points cutting 
the same sides in a', b', c ; shew that Aa, Bb', Cc' meet in 
one point. Assuming that Ab. Be . Ca = Ba . Cb . Ac and 
conversely, that when this relation holds the lines pass through 
one point. 

14. If the angle between the focal distances of a conic 
section be constant and = Sa, tile locus of the intersection of 
the tangents at their extremities has for its polar equation 

p (cos « + e cos 0) = a (1 - e'). 

15. Find the locus of a point from which if perpendiculars 
be dropped on three given straight lines their points of inter- 
section shall all he in a straight line. 
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16. In an ellipse if two focal distances r and r' include 
an angle 2 a, and T be the intersection of the tangents at their 
extremities ; then (l) the angle between the focal distances 

is bisected by ST, and (2) ^2"^ - ■ ■ '!''., . 

Hence shew that for the parabola ST^ = rr' always ; but 
in the ellipse only when a = 0. 

11. rind the locus of the centres of all circles which 
cut off from the directions of two sides of a triangle chords 
equal to two given straight lines. 

Hence describe a circle that shall cut ofF from the direction 
of three sides of a triangle chords respectively equal to three 
given straight lines. 
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SOLUTIONS TO (No. XIV.) 

1. Euclid, Prop. 19. Rook vi. 

2. Euclid, .Prop. 11. Book xi. 

3. Hymers' Conic Sections, Art. 228. 

4. Let S (fig. 122) be the given point without the circle ; 
C the centre; P any point in the circle; SC ~ c ; CP = a; 
SP = p; LPSC=ei, 

.-. «^= p^ +e^ ~ 2c^cos&, or /- 2ccos0jo + c^ - «^ = 0; 

and if SP be produced to meet the circle in P", the two values 
pf p are SP, SP' ; hence SP x 5/*'= c^- a\ and is inde- 
pendent of di but when SP is moved until P and P' coincide 
in T, SP and SP" become equal ^7", and ST becomes a 
tangent ; hence ST^ = c^ - «^ or *P . SP' = ST". 

5. Let TPi (fig. 123) be a tangent to tho hyperbola at 
P, meeting the asymptotes in T, t ; then TP=Pt; but 
PT = CD-, and in the equiangular hyperbola 

CX»= - CP^ = BC - AC = ; 
.-. Ci»= CP; hence TP=Pt=CP. 

6. (a) Let J (fig. 124) be the extremity of the axis- 
major; P any point in the ellipse whose centre is C ; Q the 
middle point of ^P; jlPJC^O; AP = p; AQ = p ; 

.-. p^ sin' ^ = ~J (^"P "^"^ 6 - p^ cos^ 0), 

or p (1 - e' cos' 6) = - — cos 9 ; and p = 2^' ; 

,-. p'(l -e'cos'0) = -cos^; 
which is the equation to a similar ellipse whose semi-axes are 
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((3) Let PSp (fig. 125) be any chord passing through 
the focus; Q its middle point ; SQ = r, ZPSC = 0-, then 

2 ^ 1 1 - e COS 9 1 4- e cos ^1 ' 
»(l-e-')eco.a_ 



which is the equation to an ellipse whose vertex is S, < 
tricity e, and axis-major 2«e. 

7. The equation to a circle referred to oblique 
inclined at an angle w is 

(„_„)'+ (5 -/})■+ 2 (,, -a)(,j- 13) co» „ - ,. , 
and comparing this with the given equation, we have 
2 (« + ^ cos w) = ffl ; 2 (/3 -I- a cos (u) = 6 ; 
a' + (i^ + 2afi cosuj = r" ; 



2 sin" ( 



whence the radius, and co-ordinates of the centre arc de- 
termined. 

Any line passing through the centre will be a diameter to 
the circle, and y ~ (i = m(_/f — a) will be its equation where m 
is arbitrary. 

To determine the diameter which passes through the 
origin, its equation is 

/3 6-«cos«, 

ij = --,v, or y = - ■■ ■ - .v. 



8. Let C (fig. 126) be the centre of the circle ; draw €A 
perpendicular to the given straight line AS ■. and let JC, AB 
he taken for the co-ordiniifc axes, suppose PQ any poi^ition of 
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the line whose length is I; draw PM perpendicular to AC, 
and let AM = x, MP = y, AQ = y ; AC = c, CP ^ r ■. 

... ai' + {y - y'y = i', 2/' + (c - ttf = r^ ; 
and if X, V be the co-ordinates of the middle point of PQ, 



■1. Y=-~-^; .-.y -y = \/r - 4X'; y + y' = 2y 



or 2»/= gr+\/r - 4jr^ r^S-v/j-^-Cc ~2Xy, 
which is the equation required. 

9. (1) Let A, B (fig. 127) be the two fixed points ; P 
the intersection of the lines PA, PS in any position ; then if 

lPAB = 6, and /.PBC = 2e, 
we have ^ APB = 0, and PB = AB ; 

hence the locus of P is a circle whose centre is B. 
(2) ltiABP = 29, AP = fy, AB^a, then 
asm26 2«coae 2«cos9 

'^ ~ siaSd " 3 - idifO' ^ ~ 4cos^6- 1 ' 
,-. ix^ - (,t^ + y-) = 2oa?, or 3x^ - y'^ = ^aai ; 

\ I "-v «■■) 

W Si 9] 
which is the equation to a hyperbola whose semi-axes are 

-, — 7=, and eccentricity 2. 
3 v/s ^ 

B is the focus of tile hyperbola, and A the vertex of the 
exterior hyperbola. 

10. Let PQES (%. 128) bo a straight line cutting the 
two circles whose centres are A, B, and intercepting the 
chords PQ, RS respectively proportional to AP, BR. Pro- 
duce BA to meet SBQP produced in T ; and draw AM, BN 
perpendicular to PS; then 

PQBS MP __ UN 

~AP ~ BR ' "' "i> " BR ' 
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JT 

Tit' 


AP 

Tnt' ' 


AT 
■ AB 


AP 




MR -AP 



hence AT is constant; and every line passing through the 
fixed point T and cutting both circles will intercept chords 
PQ, RS proportional to their radii. 

If T' be between the circles, it may be proved in like 
AT' AP 

manner, that -— = ■ ■■ r^; and every line drawn through 
All Hli + A" 

T' will intercept chords proportional to the radii of the circles. 

11. Since PQ, RS are always proportional to the radii 
of the circles, they vanish together ; or when P and Q coincide 
in P', R and S will coincide in R\ and TP'R' will be a 
common tangent ; also 1 APT is a right angle ; hence if AT 
be taken a fourth proportional to BR — AP, AP and AB, and 
upon the diameter AT a circle be described cutting the given 
circle in P\ P" ., TP', TP" will be common tangents. 

Similarly, if AT' be taken a fourth proportional to 
BR + AP, AP and AB, and a circle be described on AT', this 
will meet the given circle in two points Q', Q" and 2^Q', 
7*0" will be common tangents. 

Also let DT'E, D'T'E be the pair of common tangents; 
then if any point be taken within the angles DT'E, or D'T^E' 
and exterior to the bases DE, D'E' it will be impossible to 
draw a line cutting both circles, but a straight line may be 
drawn through a point in any other position so as to cut both 
circles. 

12. Let ASB (fig. 129) be the line bisecting the given 
angle; AS ~ a, PSp any line passing through S ; Q the 
middlepoint of Pp; z PJS = a; ,^ PSB = 6; SQ==p; then 
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.■.^« = , = i,^i>-.-rt = ^{__^_. 



or y^ cos^ a — x'^ sin^ a '= a sin^a a? ; 



which is the equation to a hyperbola whose axes are a, a tan «' 
and whoso centre is the middle point of AS. 

13. Fiff.no. J(t.Ah' = Ac.Ac'-^ 

Bc.Bc'^Ba.Ba; 

Ca.Ca'^Cb.Cb'; 
.-. {Ah.Bc.Ca.){Ab'.Bc'.Ca') = {Ac.Ba.Cb.)Ac'.Ba.Clj\ 

but Ab.Bc.Ca = Ae.Ba.Cb; 

.-. Ah' .Be .Ca'^ Ac .Ba' .Cb'; 
or 77 a', -B6', Cc' meet in the same point. 

14. (a) Let C be the centre, (fig. 131) S the focus, 
PT, QT two tangents meeting in T ; 

LPSC=e; lPSQ = 2a; .: iPST^n; 

/.SPT=(p; zTSC=f;Sr=p; 

■yP.si n^ _ SP 

' * " sin {(J) + a) cos a + sin u cot <p ' 

ef,ii3 ,.„ « (1 - e^) 

and cot 0= -,; SP -= ^ '-; 

"^ 1 — e coa I — e cos t* 
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o(l^.^) _ 

(l - ecos0) cos a + esin^sin a ' 

„,, "(l-O . _ ° (!-«■) ^ 

COS d - e COB (9 + a) cos u - e cos >jy ' 

(pj Also - = J— r — -^ , 



ind if SP.r, SQ^r' 



-ecosfl 1 1 -ecos(f? + 2a) 
(1 - e') ' 7 a (1 - e') ' 

e{cos0 + cos(e + 2a)} + e' { cos^ (0 + a) - sin^a) } 






which shews that in the ellipse f/ cannot = r7-' unless a = o ; 
but in the parabola b is infinite, -■. p^ = rr. 

15. Let the base AB (fig. 132) be taken for the axis of a?; 
A the origin ; ii?, y the co-ordinates of the point P from which 
the perpendiculars Pa, Pb, Pc are drawn upon the three sides 
of the triangle ABC; then the co-ordinates of the points 
c, 6, a respectively are w, ; 

{x cos A + ysin A) cos A, {x cos ^ -h y sin A) sin A ; 

c- {(c'-a?)cosS-l-»/sin5} cos 5; |(c -.T)cosfi + !/sini?j sinS; 

but when three points a?), j/, ; tv.^, y-t ; w^, y^ are in the same 
straight line, 

y-i-y i ^ V:' - y y , 

hence if «, b, e be in the same straight line, 
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(wcosA + y&mA)sinA-0 _ {(c-w)cosB + ysinJi\ sing-0 

{,vcoBA + y»iaA)cosA-a! c-{{c -x)cos£ + ysinB\cosB -x' 

itr cosA+y sin A (o - ^) cof, B + y sin B 

yco&A ~ x sin J {c - x) sin B - y cos B ' 

,:/v(c-.v){siDAcosB+cosA&iaB)-y{c-a;)(cohAcosB-smAsmB) 

-f(smAcosB + cosAsmB)'-afy(cosAc(isB-siQAf>inB)^Oi 

.-. {cm - a:') sin {A + B) - cy (cos A + B) - y' sin ( J + .B) = ; 

or ex - x^ - cy cot (^ + 5) - y^ = 0; 

hence .v^ + j/^ - c,r - c)/ cot C = ; 

... (.-f)%(,-%„.c)'=(:c„ec(/)'; 

which is the equation to the circle circumscribing the triangle. 

16. See No. 14. (/3) 

17. Let (fig. 133) be the centre and r the radius of the 
circle which intercepts from AB, AC the two portions cc\ 
bb' = 7> /3 respectively ; draw OM parallel to AC; and let 



= w, MO = y; 


.-. <'-fsi«'A. 


Similarly, r"- 


4 


.-. ,,•-!,■ 


t sin' ^ • 



or the locus of is an equilateral hyperbola whose centre is 
A, having two conjugate diameters in the directions AB, AC, 

Again, let ON be drawn parallel to BC, and let BN ~ m, 
ON = y ; then if « m' = a, 



-y 
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and if two hyperbolas be drawn with centres A, B, whose 
equations are 

^ ~4sin2^' '" ^ "4sin^5' 

the intersection of the two hyperbolas will give the centre of 
the circle. 

There will be four points, viz, one within the triangle, and 
another between each side and the two remaining sides pro- 
duced. 
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ST JOHN'S COLLEGE. Due. 1844. (No. XV.} 

1. If two parallel planes be cut by aiiotlicr plane, their 
common sections with it are parallel. 

Perpendiculars are drawn from a point to a plane, and 
to a straight line in that plane ; shew that the line joining the 
feet of the perpendiculars is perpendicular to the former line, 

2. The aides containing a given angle are in a given 
ratio, and the vertex is fixed ; shew that if the extremity of 
one of the sides moves in a given line, so does the extremity 
of the other. 

3. A series of triangles are constructed on a given base, 
their vertices being in a line parallel to the base ; shew that 
the perpendiculars through the extremties of the base to the 
sides of these triangles will intersect in a parabola whose latus 
rectum is the distance between the lines. 

4. CjP, CD are a pair of semi -conjugate diameters in an 
ellipse whose foci are S, H {S being the nearer to P) prove 
the following properties r 

(a) If the ordinates at P and D he produced to meet 
the circumscribing circle in Q and E\ then QCE is a right 

(/3) The normals at P and D meet in the line through' C 
perpendicular to PD. 

(y) The sum of the squares of the perpendiculars from 
P and D on any fixed diameter is constant. 

(S) The perpendiculars from P and D on diameters 
drawn respectively parallel to SD and HP are each equal 
to the semi-axis minor. 

5. Straight lines are drawn from the extremities of a 
given diameter of a circle whose radius is (a) to the extremi- 
ties of a chord which always subtends an angle a at the centre ; 
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shew that their intersection traces out a circle whose radius 

= a sec - , whether the diameter and chord are joined towards 

the same or opposite parts. 

6. If a circle cut a conic section the chords joining the 
points of intersection are equally inclined to the axis. 

7- If a triangle formed by a pair of tangents to a conic 
section and the chord of contact be of constant area, the vertex 
traces out a similar and similarly situated conic section. 

8. Two focal chords of a conic section are drawn, and 
the lines joining their extremities are produced to meet in two 
points P, Q ; shew that SP is a perpendicular to SQ : and if 
the focal chords be produced to meet PQ, each of them as well 
as PQ will be harmonically divided. 

9, If a series of chords to an ellipse pass through a fixed 
point, so do the chords of the corresponding conjugate arcs. 

10, A pair of tangents are drawn at the points P, Q of a 
conic section, and another tangent RST meeting them re- 
spectively in R and T; shew that for every position of this 

latter tangent the ratio ^-~ : — — is given ; and RT subtends 

a constant angle at the focus. 

11. Find the axes of the curve y' + ^y + :^ = 1> the angle 
hetween the co-ordinate axes being 4S*. 
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SOLUTIONS TO {No. XV.) 

1. Euri.iu, Prop. 16, Book xi. 

Let A (fig. 334) be the given point, AB a perpendicular 
to the plane, AC perpendicular to CD in the plane; join CB, 
and draw CE parallel to AB ; then since AB is perpendicular 
to the plane BCD, CE is perpendicular to the same plane ; 
therefore CE is perpendicular to CD, or CD is perpendicular 
to CE and CA, and therefore perpendicular to the plane ACB; 
hence CD is perpendicular to CB. 

2. Let A (fig. 135) be the fixed vertex ; RC the straight 
line along which the extremity of one of the sides moves ; 
draw AB perpendicular to BC ; take any point M in BC ; 
join AM, and make ^MAP = a, and AP = n(AM); let 

AB==a, AP^p, lBAP = 0-, 

.-. AM^asec(_6-~a), and AP = p = na sec (9 - a) ; 

hence the locus of P is a straight line making an angle 90 + a 
with AB, whose perpendicular distance from the origin is na. 

3. Let AB (fig. 136) be the given base, C the vertex of 
one of the triangles ; draw CM perpendicular to AB ; and A a 
perpendicular to CB, meeting CM in P ; then P is the inter- 
section of the perpendiculars Aa, Bb upon BC, AC respec- 
tively; let AM = w, MP = y, CM = p, which is constant; 

.'. y = X tan PAM = x cot B ; 

and CM = BM . tan B, or p = (c - x) tati B ; 

.-. pj/ = .^-.^orp(^^.-^) = (,^-^-), 

which is the equation to a parabola the co-ordinates of whose 

CI? 

vertex are - 
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4. (a) Let QPM, EDN (fig. 137) be the orclinates 
through the points P, D; then 

smQC^= — = -. — =-^-^,=co.ACA- 

.-. .i£CiV+ zQCM= -, or iECQ, = ~. 



(/3) Let .«, y; a;', y be the co-ordinates of P and 7? 
respectively ; then the equation to the normal at P is 

similarly, the equation to the normal at D is 

multiply (l) by y', and (2) by y and subtract; therefore at 
the point of intersection of the two normals 

(y -y)Y=- (x' - *) X; 

but the equation to a line through C perpendicular to PD is 

2/' - J/ " 
therefore X, V are co-ordinates of a point in this line ; or the 
normals at P and D intersect in the perpendicular drawn from 
C upon PD. 

(y) Let a diameter be drawn making an angle a with the 
axis-major, and let PM', DN' be perpendiculars upon it from 
P, -D; 

.'. PM' = « sin a +y cos a, 



nN'= y c 
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hence (PM' f + (DN'f '== (a^ sin' a + h" cos' a) (^ + ^) 
= a' sin' a + b' cos^ a i 
and is constant for every pair of conjugate diameters, 

(3) Let CR he drawn parallel to SD; ttien the per- 
pendicular from P on CR^ CP. sin PCR ^ CP . sin SDT 



Similarly, the perpendicular from P on the diameter parallel 
to HD = b. 

5. Let j!.B (fig. 138) be the diameter of the circle; PQ 
a chord subtending an angle a at the centre; join AP, BQ 
meeting in R, and AQ, BP meeting in R' ; then 

iARB= aAPB- lPBQ^- - -; 

9 2 
and is constant; hence the locus of R is a circle whose radius 
AR a 



Also I AR'R = I AQB + / PBQ = - + 
therefore the locus of R' is a circle whose radius 



6. Let P, Q, R, S he the four points of intersection of 
the circle and conic section ; 

)/ — mi,v - (!, = ; y — ms,v — i?^ = ; 

y ~ m:,.v - c, '^ ; y - m,.v - c, = ; 
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the equations to PQ, QR, E8, SP respectively ; theti thu 
equation to the conic section is 

(p~m,.v-c,)(y~msW-c,)+X(y-m,.v-V:,M!/-m,,v-c^)=Oi (1) 

and the equation to the circle 

where X, \' are constants. 

Now when the conic section is referred to the axis-major, 
the coefficient oi xy vanishes; 

.■. ?M, + m, + \ (ms + mi) = , 
and in the circle 

»ii + Wa + \' (OTs + TOj) = ; 
.■. »»; + )», = 0, since \ and \' are different constants; hence 

hence PQ, RS are equally inclined to the axis, and also 
QR, SP. 

If equation (s) represents any conic section whose axis is 
parallel to that represented hy equation (1) the coefficient of 
xy will vanish in equation (2) ; and we shall still have 



hence if two conic sections whose axes are parallel, intersect 
one another; the straight lines joining the points of inter- 
section will be equally inclined to the axis. In like manner 
it may be proved that PS and QR are equally inclined to the 



7. Let Qq (fig. 139) be a chord of an ellipse whose 
centre is C; (IT, qT two tangents meeting in T; join CT 
meeting the ellipse in P and Qq in V; let CV=a;, QF = y, 
CP= a; then 
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and AQTq - QV . TV sia TVQ 



hence -; is constant = n ; and if CT = «, o = — = — ; there- 
a ' ' x n 

fore the locus of T is an ellipse similar to that of P, and its 

semi-axes will be — , — respectively ; wliere 
n n 

8. (a) Let RSt, R'Sr (fig. 140) be two chords drawn 
through the focus S of a conic section ; take SR, SR' the 
axes of ,v and y respectively; let SR = a, SR' = jS; Sr=a', 
Sr' = /3': then the equations to vB', r' R respectively become 

li a! • a ji' 

therefore by subtraction 

1111 

but - + - = ^ + ^, ; ■■. X -y = 0, 
and if rR' r'R intersect in P, the equation to SP is y - a! = 0. 
Again, the equations to RR', rr are 

therefore by addition 
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therefore w + y = 0, which is the equation to SQ ; hence SP 
and SQ are at right angles. 

(/3) If -v', y be the co-ordinates of P, and x", y" the co- 
orciinates of Q, then the equation to PQ is 

y-y = \:r^. (■'^ - '"')' fjut y' = •■»'' y" = - -*■" ; 



Jet this meet the axis of » 
.-. SV = x I 



" SV *' a;" 1/' y" 
Also by combining the equations to rR', SP we have 



y /3 a- 

and by combining the equations to )■)■', SQ we have 

I 1 __ 1 1 ^ „ 1 ' I L 

■■" ? " ^"^ ^ " ^' ' "'' SF"^"^'' SR' Sr' ' 

therefore the axis of y is harmonically divided. 

Similarly, the axis of .v is harmonically divided. 

If SR meets QP in U, then f/P, f/Q, OT arc propor- 
tional to y, y" and .ST; 



ihovcfovc PQ is harmonically divided. 
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9. Let PF' (fig. 141) be any chord ; DD' the chord of 
the conjugate arc; a), y, w', y the co-ordinates of P, P' re- 
spectively when the ellipse is referred to its principal diameters 
as axes ; then the equation to PP is 

i'-!/-5~(Jr-»>) = »CJr-«); 

and the co-ordinates of 1), Pl are 



therefore the equation to DD' is 
ha . 



.-. mY+ ~X=-{mx-y): 

and if PP' passes through a point a, /3, 

{i-y = m{a.-a)\ .: mw -y = ma~ (i, 

or mr+^,.Y = ^(ma-/3); 

which is satisfied independently of «j, by making 

therefore DD' always passes through a fixed point v 
ordinates are -^~- fi, ~ «, 
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10, Let a, a', a" be the semi-diameters parallel to PE, 
RT, (fig. 142) TQ respectively; then 

SP J^Q .. 

and is constant for all positions of RT. 

Also, if H be one of the foci, and RH, SH, Til be 

joined, we have 

z RHS = \l pus, i. SHT = J i SHQ ; 

therefore by addition z RUT = -^ Z THQ, and is constant. 



11. 


Transform the equation to polar co 


-ordinates by 




sin (d.5 - 9) sin e 





. /)={ (cos 0- sin 0)^ + ^2 (cos ^- sin 0)siii^ + ysin^ ^5= 1 

,( . „ sin 28 - (1 -cos 86) „| 

or p'll-amse + -^^ ^ + l-cos!>eS = I; 

hence p^ 1—7= — ■ (sin 20 + cos 2 0) > = 2 + \/2 ; 

■^ t \/2 - 1 ) 

.■■ p^{3 + \/2 - \/2cos(2 - 45)} =2 + \/2; 

„,,.[,+^._s.cos.(e-f)-,n-v'2+i= 
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hence p^Us + 2\/2) - 2 \/9 cos= (0-- jl = 2 + \/2 ; 

.-. p' 1 1 - 2 V^ (3 - 2 Vi) cos' (^ ~ ^] ( " ^^ "" ^^^' 

which is the equation to an ellipse whose eccentricity 

= \/2 v'a (3 - 2 -v/S) = \/i (2 - -s/i) ; 

semi-axis-niinov = \/2 — ^2 ; 

J ■ ■ ■ * A - V""^ ^ /T^a/^ 
and semi -axis-major = \/ ^-—- = \/ ^—;- 



= v/i (9 - -\/2) (3 -H 2 V9) = V^-^-^ ■ 

The axis-major is inclined at an angle — to the axis of x, 
bisects the angle between the co-ordinate axes. 
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ST JOHN'S COLLEGE. Dec. 1845. (No. XVI.) 

1. If two trianglps have two sides of the one equal to 
two sides of the other each to each; but the angle contained 
by tho two sides of one of them greater than the angle con- 
tained by the two sides equal to them of the other ; the base 
of that which has the greater angle shall be greater than the 
base of the other. 

2. Define similar rectilineal figures, and shew that paral- 
lelograms about tlie diameter of any parallelogram are similar 
to the whole and to one another. 

3. Explain briefly the advantages gained by the applica- 
tion of analysis to the solution of geometrical problems. If 
a line of given length in a given direction is represented by a, 
shew how a line of the same length, inclined at an angle 6 to 
the former may properly be represented, and apply the method 
to express the cosine of an angle of a triangle in terms of the 

4. Through any point of a chord of a circle other chords 
are drawn; shew that lines from the middle point of the first 
chord to the middle points of the others, will meet them all at 
the same angle. 

5. A tangent at any point P of an ellipse meets the major- 
axis produced in T, and perpendiculars upon it from the 
centre and focus in ¥, Z; shew that TY has to PV the 
duplicate ratio of TZ to PZ. 

6. The diameters of circles described about and within 
a semi-ellipse bounded by the minor axis are D, d ; shew that 
Z* is a third proportional to AC and AB, and d a fourth pro- 
portional to AC, BC, and SH. 

7- An ellipse and a pair of conjugate hyperbolas are 
described upon the same principal axes, and at the points 
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where any line through the centre meets the ellipse and one 
of the hyperholas tangents are apphed ; find the locus of their 
intersection, and determine all its points of contact with the 
clHpse. 

S. ACP, A'CP' are two diameters of a circle; tangents 
at P, P' meet the diameters produced in B, B', and two 
parabolas are described touching them in A and H, A' and 
B' respectively. Shew that the quadrilateral formed by the 
two diameters and the axes of the parabolas may be inscribed 
in a circle. JFind also the smallest possible value of the 
diameter of this circle, and the condition that it shall equal 
that of the original circle. 

9. Trace the curve whose equation is 

Sx^ -~ lOaiy - 8y^ + i-.v - 2y + \ = 0. 

10. Two cones having their vertices coincident, their 
axes at right angles, and their surfaces in contact, are cut by 
a plane parallel to both axes : find the condition that the 
section shall be a pair of conjugate hyperbolas. 

11. A straight line is drawn through a fixed point 0, 
meeting a curve in the points P^ P^... Stc. ; and in this line a 
point Q is taken, such that OQ,'" = I.OP"". Determine the 
nature of the original curve, that, when n is any positive 
number, the locus of Q may be a similar curve. 

12. The double tangents of the curve whose equation is 



]^y \i?' 



a'bV 



touch it in points, all of which lie on a circle whose centre is 
the origin of co-ordinates. 

13. Parabolas ai'e described touching two lines at right 
angles to each other ; shew that if the chords through the 
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points of contact are parallel to one another, the locus of the 
vertices of the parabolas is a straight line. 

14. P = 0, Q = 0, R = 0, are the equations to three 
curves, all of which pass through the same point. Shew that 
of the curves whose equations are 

P = a.Q.R, P-'^b.Q.R, 

the former will in general touch the curve whose equation is 
P = 0, at that point, but the latter will not, a and b being 
constants. Exemplify this when 

P = y — X, Q=y — m.v, R - y + mas- 

Why must the words in general be used ? 

15. With the asymptotes of a hyperbola as conjugate 
diameters ellipses are described touching the hyperbola. From 
any point of the hyperbola a pair of tangents is drawn to one 
of the ellipses; shew that tangents applied at the two points 
where the chord through the points of contact meets any other 
of the ellipses, will intersect in the same hyperbola. 
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SOLUTIONS TO (No. XVI.) 

1. EtrcLiD, Prop. 24, Book i, 

2. Euclid, Def. 1, Book vi. and Prop. 21., Book vi. 

3. See Peacock's Algebra, Vol. ii. Arts. 823 — 831. 

4. Let A (fig. Ii3) be a point in the first chord whose 
middle point is B ; J* the middle point of any other chord 
passing through A ; f the centre of the circle ; join CD, CB : 
then angles CDA, CBA are right angles, because D, B are 
the middle points of the chords ; therefore a circle described 
on the diameter AC will pass through B and D; and 

L ADB = L ACB 

is constant for all positions of AD. 

5. Let C be the centre, S the focus (fig. 144); draw 
the normal PK meeting CST in X : then 

TY : YP :: TC : CK :: -•. e^w ;: a' : e^^^ 

and TZ : PZ :: TS : SJC :: -- - ae : «e - e^f :: a ; e.v ; 
.: TY : YP :: TZ' : PZ': 

6. Let (fig. U'5) he the centre of the circle described 
about the semi-ellipse, then OB = OA : let OC = ai :. 

.: y^lf + .»" = (« - .v), or b^ = a'- %ax ; 

... ,. = ^^^,and^O=«-^ = ^^:^\' 
9.a 2a 

a- + }>' JB' 
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Again, let « be the centre of the circle inscribed in the 
semi-ellipse ; draw the normal o P and PM perpendicular to 

^C,thenoP = oC-. let CiW=/, MP = y ; 

.-. oM= — a? = (i - e').%', and Co = e'w ; 
hence e*x"^ = (i ~ ^fn:"' + J/'^ = (l — ^fw'^ + (l — ^^ («' - 'p'^) 



AC 



7. Let y = mx be the equation to any line CPQ. (fig. 146) 
drawn through the centre meeting the ellipse in P and the 
hyperbola in Q ; then the equation to the ellipse is 



and the equation to the tangent at P is - 



-, + TT ->; 



-'-■yv^^if^': (•) 



also the equation to the hyperbola is 



ind the equation to the tangent at Q is 



If 
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■ : ^■~~y'=^-= Vft'^ ~ a^m\ or - '^x/a'm' -b\ (2) 
If .V b h 

according as Q is in the hyperbola or its conjugate. 

Eliminate (m) between equations (1) and (2) and using 
the positive sign in (2) we have 



2a^m a 1 



therefore by addition, 
2b' ( „ a'm' 



y''\ = 2b^, or fl/^ 4 — -— y'^ = a^ ; 



by subtraction, 

i-mx'y = Sa^m*, or a^m = tw'y' ; 

Again, using the negative sign in equation (2) 

therefore by addition, 

by subtraction, '^mic y' = 2lf % 
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equations (S) and (4) ave the loci of the intersections of the 
tangents at P and Q when CPQ meets the hyperbola and its 
conjugate respectively. 



.-. }' = 0, or s - i — . , 
ant! the corresponding values of .r' are 

„ ^ a, am .^ - -^_ , 

similarly, the curve ttA^^ r) ~ ^ nieets the ellipse when 

W = 0, and iir' = ± --= ; 

and since equation (5) is a coaipletc square, two values of y 
become equal at the points determined by the equation ; or , 
the curves toncii the ellipse at the sis points in which 

, , a 

.T =0, a: = =t «, and j? = =fc —-= . 

v/2 

8. Draw AQ, J'Q perpentliciiJar to JC, A'C respectively 
(fig. 147); join A'S, bisect it in i>; also join CD; then CD 
will be parallel to the axis of the parabola which touches CA', 
CS : but A'C= CP, A'D = DB' ; therefore CD is parallel 
to Pff and is therefore perpendicular to A'C: hence the 
tangent AC is perpendicular to the axis of the parabola; or 
A' is the vertex and AQ. is the direction of the axis of the 
parabola. 

Similarly, AQ is the direction of the axis of the parabola 
which touches AC, CB : and since the angles CAQ, CA'Q are 
right angles, the circle described on the diameter CQ passes 
K 
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through the points A, A', and the quadrilateral CAQA' may be 
inscribed in a circle. 

Also, if L PCP' = a, CQ = AC sec " the bast yrUtc of 
2 

which is AC: and if CQ = QAC, sec - = 2, 
2 

,-. cos - ■■= A, and a = 120". 



/lOj/ - 



8j/^ -I- 2?/ - 1 






eV- 4.9)/- - i^ij/ 4 



3,^; = nij -9.^ {7y - l) = 12?/ - 3, i 



-Sy-1; 



therefore the equation is reduced to two straight lines whose 
equations are 

4.J - a? = 1, and Sy + 3* + 1 = 0. 

10. Let the two axes of the cones which are at right 
angles be taken for the axes of x and y ; and a line through 
the vertex A perpendicular to them for the axis of z : then 
if a be the semi-vertical angle of the cone whose axis is Ax, 

a will bo the semi-vertical angle of the cone whose axis 

is Ay : and if .v, y, s: be co-ordinates of any point in the first 
surface, x', y, s' co-ordinates of any point in the second 
surface : 

y' + ii' = a^Han'a, or ~~- ~ ^ = 1 ; (I) 



- )/'* cot^ ( 



s ^! ■i~ ~ ^^"' ' 



w 
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Now by making x' = ss constant, equations (i) and (2) are the 
equations of tlie sections to a cone made by a plane parallel 

to both axes, at a distance («) from their plane : and if a = — , 

they manifestly become 

■^ - C = 1 



the equations to two conjugate hyperbolas. 

II. If the equation to the curve he referred to polar 
co-ordinates it will assume the form 

P'% id) + p'"-'/,.-, {0) + ... +pY. 9 + pAe +f. = 0. 

Wlien f, is the radius vector, and /,„(&), /(™-,,^ f,e 

homogeneous functions of sin 9 and cos 9 of m, (m - 1) &c. 
dimensions respectively, and f^ a constant ; 

p'" fi, p'" ' f^ P"""" ' /■< 





.•. Sp-'. 


/. (8) 
/. 




is a homogencou 


s function of sir 


i and cos e of 1 dimension ; 




.,-. = -/|) 


'Sp-'- 




is a horaogeneou' 


s function of sin 


e and cc 


IS of 2 dimensions; 


Sp- 


= -f^-- 


■f^- 





a homogeneous function of sin $ and cos 9 of 3 dimensions. 

Similarly, Sp~" = F„ (6) a homogeneous function of sin 9 
and cos9 of n dimensions; therefore the equation to the 
locus of Q is 

,;"" = a-»F.,(9) = a-"(cos9rF(tan0), 
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where F(ta.n6) is a rational aud integral function of tan 5 
of M dimensions; and in order that this curve may be similar 
to the original curve, the original curve must have for its 
equation 

(-)". cos- (9 -■.)*'l™ (»-«)■ 
12. The equation may bo put under the form 



therefore the four straight lines 

X y ^ y 

- + ^ + 1=0, - + f-l=o, 

a b a b 

--- + 1 = 0, ----^-1=0 

a b a b 

are double tangents, and meet tlie curve in the circle whose 
equation is w" + y^ = c". 
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13. The line joining the points of contact will always 
pass through the focus of the parabola ; suppose PSp (fig- 148) 
a chord passing through the focus ; A the vertex ; PQ, Qp 
tangents at P, p meeting in Q; produce PQ to meet the axis 
AS in T ; draw PM perpendicular to AS, and let 

LPTA^e, AM^x, MP = y\ 

V /*w 

then tan e = — = V — ; 

.: a! = m cot' 9, i/ = 2m cot 0, L SPQ = z STP = 61 ; 
and the perpendicular froni // on PQ 

= a^AT sin = .b sin O^m ^^ . 
svati 

Similarly, the perpendicular from A on Qp 



Now (1, /3 are the co-ordinates of A referred to the fixed 
axes Qp, QP ; and if iQpP be constant, the locus of A is 
a straight line whose equation is /3 = cot^QpP.a. 

14. Let u=y — ^-m{x — a)=0 be the equation to a 
straight line passing through a point ti, /3; and P=0 the 
equation to a curve passing through the same point ; then if 
^ 4- m (a; - a) be substituted fqr y in P = 0, the resulting 
equation will be of the form {sc - a) P' = 0, since one value of 
« is a; P' will be a function of x and m; and by putting 
a? = a in the equation P' = 0, an equation will be determined 
in terms of m; and if the values of m found from this equation 
make P' a multiple of (a; — a), P= becomes of the form 
(a> - afP" = 0, and two values of m will in this case coincide, 
or M = becomes a tangent to the equation P = 0. 
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If the equation P = should be of such a form as to make 
the resulting equation after the substitution of /3 + m {.t — a) 
of the form (« — of P' = for every value of m, which will 
always be the case if P be a rational function of w - a, and 
y — ot which no term is of less than two dimensions, m = 
will not be a tangent except for those values of m which make 
J*" a multiple of a; — o, since two values of a? will only be made 
to coincide on this supposition, the equation (w - a)" P' = 
indicating that two branches of the curve intersect wben a: = a; 
hence in this case in order that u = may be a tangent to 
_P = we must have P = {« - af P" = 0. 

Hence when m = is a tangent to jP = 0, if m = be sub- 
stituted in i* - aQR = 0, the resulting equation will be 

(.V - afP' - a (^ - a) Q' .(.v -a) E' ^ 0; 

or i.v - af {P' - fl Q'R') = ; 

or M = will in general be a tangent to P — aQR = 0, as well 
as /* = ; or the curves will touch one another. 

If w = when substituted in i* — aQR = gives the result 

for every value of m; the value of m which makes m = a 
tangent to P= 0, will not make m = a tangent to P-a QR = 0, 
unless it makes P' ~ iiQ'R' at the same time a multiple of 
te — a, or the two curves will not touch one another unless the 
equation w = to the tangent to P^O when combined with 
P -aQK = gives a result {a> - afR" = 0. 

If M = be substituted in I'"' " hQR = 0, every value of 
m will give the result 

i.v-af{P"-bQ-R'}=0; 

and the value of m, which makes m = a tangent to P = 0, will 
not make « = a tangent to P'-hQR = 0, unless P'^ - bQ'R' 
be a multiple of a; - a; or unless u = when combined with 
P" - 6 Qfl = gives the result (a/ - nfR" <= 0. Hence P = 
does not touch the curve P^ — bQR = 0. 
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(/3) If i/' - m^w* ~ a(y -x) =0; when s/ - ,p = 0, we 
have (1 — m^) a?' = ; or two values of x become = ; anci 
y — ,v = touches the curve y^ — mx^ - a(y — le) = 0. 

If y^ — 7/fne^ — b{y~ xf = 0, this represents the equation 
to two straight lines passing through the origin ; for 



or (l-')(^^) -6^-Ij +l-m'-0; 

therefore ~ has two constant values; and neither of the lines 

will touch or coinciile with y — w = Q unless the value of one 
of the constants is unity. 

15. Lot a', V be the semi-conjugate diameters of one of 
the ellipses drawn to touch the hyperbola in a point P (fig. 149) 
whose co-ordinates referred to the asymptotes are a/, y ; TPt 
the common tangent, C the centre; then because TPt is a 
tangent to the ellipse 

C7' = ^, ; Ct^~; 

X y 

also because TPt is a tangent to the hyperbola, 

CT^-^ai, Ct = %y'; :. —, = %w'; — = 2^', 

or d^=%sf^\ 6'^ = ay, 

and «'^ft" = 4a?'^j'^ = 4m''; .■. aly =9.m*\ 

similarly, if «", fc" be the semi- conjugate diameters of any other 
ellipse, d'M' = 2jm*. 

Let tangents be drawn from a point h, k in the hyperbola 
to touch the ellipse whose equation is 
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then the equation to the straight lino joining the points of 
contact is 



and if tangents be drawn from a point ,r, , y, to touch an 
elhpse whose equation is 



the equation to the straight line joining the points of contact is 

and in order that equations (l) and (2) may be the equations 
to the same straight line, 

h Xi k y, w,i/, hk Xiy^ m^ 

a^' ~ a"'-' " 6^ - 6"^ ' * ' a^^^ ~ a'b"' " 2 m^ ~ 2m^ ' 

therefore *,i/, = m'; which shews that .-Cj, j/, are co-ordinates 
of a point in the hyperbola. 
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ST JOHN'S COLLEGE. Dec. 1840. (No. XVII.) 

1. Magnitudes have the same ratio to one another 
which their equimultiples have. 

Give Euclid's definition of equal ratios. Explain why 
the properties proved in Book v. by means of lines, are true 
of any concrete magnitudes. 

2. If two straight lines be at right angles to the same 
plane, they are parallel. 

3. With the four lines which contain a + h, a + c, a — b, 
a ~ c units respectively, construct a quadrilateral capable of 
having a circle inscribed in it. 

Prove that no parallelogram can be inscribed in a circle 
except a rectangle ; and that no parallelogram can be described 
about a circle except a rhomb. 

4. From two fixed points draw lines to the same point 
of a fixed line, such that the tangents of the angles which 
they make with the fixed line are as the perpendicular distances 
of the points from it. Also when the tangents are in any 
other ratio. 

5. In the circle, of which AB is the diameter, take any 
point P; and draw PC, PD on opposite sides of AP and 
equally inclined to it, meeting AB in C, t>. Prove that 

AC : BC i: JD : BD. 



C>. Two similar ellipses have a common vertex and a 
common direction of major-axes ; a common tangent meets 
them in P, Q; and a perpendicular to their major-axes 
through the vertex meets PQ in 0. Prove that OP = OQ. 

7. The circle described from an extremity of the minor- 
axis of an ellipse, with radius equal to the distance of either 
directrix from the centre, will touch the eOipse in two points, 
one point, or not at all, as the eccentricity is greater, equal to, 
or less than ^\/2. 
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8. In two hyperbolas concentric and similarly situated, 
take two points whose abscissas are as the real axes of the 
hyperbolas. Prove that the locus of the middle points of the 
line joining them is a hyperbola concentric and similarly 
situated ; and that the real axes, as also the imaginary axes, of 
the three hyperbolas, are in arithmetical progression. 

9. The lengths (a, b) of two tangents to a parabola at 
right angles, are connected by the equation 

£ ^ I 

^' "^ ^liitus rectum)! 

10. If from the focus of a hyperbola as centre, a circle 
be described with a diameter equal to the imaginary axis, it 
will touch the asymptotes in the points where the nearer 
directrix meets them. 

11. The quadrilateral PQRS is inscribed in a circle. 
Join two opposite angles jP, R ; draw perpendiculars from S 
on PQ, PR, QR: the feet of these perpendiculars are in the 
same straight line. 

12. Two ordinates of a parabola meet the axis at points 
equidistant from the focus. If the vertex be joined with the 
point where one of the ordinates meets the parabola ; find the 
equation to the locus of the point where this line intersects the 
other ordinate ; and trace the curve. 

13. Two tangents are drawn to a parabola making angles 
0, 6' with the axis. Prove that (!) if sin O.siaff be constant 
the locus of the intersections of the tangents is a circle whose 
centre is in the focus; (3) if tan0. tan 6' be constant the locus 
is a straight line perpendicular to the axis ; (3) if cot0 + cot0' 
be constant the locus is a straight line parallel to the axis; 
(4) if cot — cot be constant the locus is a parabola equal 
to the original parabola. 

14. Any three tangents to a parabola, the tangents of 
whose inclinations to the axes are in harmonical progression, 
will form a triangle of constant area. 
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15. In two ellipses (or hyperbolas) concentric and simi- 
larly situated, take two points P, Q, whose abscissas are as 
their major-axes; and P', Q' two other such points. If 
60'<}}(p: be the angles which the tangents at PP'QQ' make 

. , , , tan 9 tan 

with the axes; prove that „, = —,. 

' tan & tan tp' 

If the curves be likewise confocal, prove that PQ' = P'Q. 

16. Any number of ellipses (or hyperbolas) concentric, 
similar, and similarly situated, are intersected by a line parallel 
to a directrix in PP'P" ... : prove that the extremities of the 
diameters respectively conjugate to the diameters through 
PP'P"... are in a line perpendicular to the directrix. 

17. If the above curves be cut by any concentric hyper- 
bola, whose asymptotes have the same direction as their axes, 
in (JQ'Q",.,: prove that the extremities of the diameters re- 
spectively conjugate to the diameters through Q^'Q"... are 
situated in another branch of the hyperbola. 

18. An ellipse being traced on a plane ; the vertices of 
all the right cones of which it might be a section, are situated 
in a hyperbola whose imaginary axis is equal to the axis-minor 
of the ellipse, and real axis equal to the distance between its 
foci. 

And conversely, the locus of the vertices of all the right 
cones, of which this hyperbola might be a section, is the 
original ellipse. 

19. Find the volume of the pyramid of least volume 
which can be formed by three planes touching a given right 
cone, and the plane of the cone's base. 
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SOLUTIONS TO (No. XVll.) 

1. Euclid, Prop. 15, Book v. Potts' Euclid, Def. 5, 
Book V. and note to the definition, p. l62. 

2. Euclid, Prop. 9, Book xi. 

3. (1) Let ABCD (fig. 150) be a quadrilateral figure 
touching a circle in the points a, b, c, d •, then 

Ja = Ad, Ba = Bb, Cc= Qb, Dc^ Dd; 

.-. Aa+ Ba + Cc-j-De = Ad + Dd-h Bb + Cb, 

or AB + CD =BC + AD; 

hence the sum of the two opposite sides is equal to the sum of 
the remaining two sides. Hence take AC any line less than 
(a - b + a - c) ; describe a triangle ABC having AB = a + 6, 
EC = a + c ; and upon AC describe a triangle ADC, having 
CD = a — b, DA = a — c, then a circle may be inscribed in the 
quadrilateral figure ABCD. 

(2) Let AB, CD (fig. 151) be two equal and parallel 
chords of a circle whose centre is E, then ABCD will be a 
parallelogram ; from E draw EF perpendicular to IB, and 
produce FE to meet CD in G ; then z EGD = i. EFA = a 
right angle ; and 



hence FG is parallel to BD, and the angles at B and D arc 
right angles ; similarly, the angles at A and G are right 



(3) If a quadrilateral be described about a circle, the 
sum of the opposite sides is equal to the sum of the remaining 
sides ; and if the quadrilateral be a parallelogram whose sides 
are a,b; we have 2a = 2b ; .: a = &, or the parallelogram is 
a rhombus. 
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4. Let A, B (fig. 152) be the given points ; draw AM, 
i?JV" perpendicular to tiie given line; produce BN ta P, and 
take A'^i' : BN :: tc : 1, where n is the ratio of the tangents; 
join AP., meeting MJV in Q; and draw BQ ; then 

tan z AQiM _ tan L PQN ^ PN 
tan z BQN ~ tan iBQN " BN ^ "' 

tan I AQM _ AM 

tan lBQ,N'"Bn''' 

AM PN „^, ^,, 

- PN = AM; 

hence in this case make PA'' = AM. 

5. Since angle CPI) (fig. 1S3) is bisected by PA, 

CA : AD -.: CP : PD ; 

and since angle APB is a right angle, PB bisects the exterior 
angle of the triangle CPD ; 

.-. CP : PD :: CB : BD; 

hence CA : AD :: CB : BD, or AC : BC :: AD : BD. 

6. Let A (iig. I54) be the common vertex, CD, CD' the 
semi-diameters of the two ellipses parallel to PQ ; CB, C'B' 
the semi-diameters parallel to AO ; then since the ellipses 
are similar 

CD CD' , PO CD CD' QO 

7. The equations to the circle and elHpse are 



hence at the points in which the circle meets the ellipse, 
a' - j.jf + y'- + 2 ftj/ + fc^ = — „ , 
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,-, ,_^ _ g^„ -I- —-—6^ = 0; 
1 - e'' e' 

e ay b" ff 

' ' b ea ' e'a''' 

and since y has only one value, the ellipse and circle will in 
general touch one another in the two points in which 



If ea<h, or e<\/i - e% and therefore e< -■ — the values 
2 
of CO and y are impossible, in which case the circle will not 

\/2 
meet the ellipse. If ea = b, or e = ; the two points 

coincide in the extremity of the axis-minor, and there is only 
one point of contact. 



8. Let -;— 7^=1, -T- r=' he the equations to 

a^ 0^ a'' n^ 

two hyperbolas, and let — = - \ then '-r-, = -; and if X, Y 

a' a h b 

be the co-ordinates of the middle point of the chord joining 
the points a>, y, ie\ y' ; we have 



■-=(-^)i- -(-!)! 
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li (» + «■)/ ~li(6 + «')) '■ 



which is the equation to a hyperbola whose axes are a + a, 
b + b' ; which are arithmetic means between Sa, Sa' and 2b, 
Sb' respectively. 

9. Let PSp (fig- 148) be any focal chord making an 
angle $ with the axis; PQ, Qp two tangents intersecting at 
right angles; Qp = a, QP = & ; latus rectum = 4wi ; angle 
PSM = e; 

.: /, SPQ = - , and 5'P = ^~ ; 
2 . ,0 



Sp^—^, Pp- 

cos^- 
2 

hence a = Pp sin - = 



sm - cos' - 
cos - sin - 



I cos' - \ 



O^ M_ 2 2 _ I 

10. The equation to the circle is (x — aeY + •>/ ^h^; 
and to the asymptotes y=i-,p; hence at the points in 
which the circle meets the asymptotes 

.-. e'<^ ~^ae,v + a^ = 0, or (ex - ay = ; 
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which shews that the circle touches the asymptotes in two 

. « . * . ^ 

points, the ahscissa of which is — , and the ordinates - and — 

e e e 

respectively; or at the point in which the directrix meets 
them, since for every point in the directrix « = - . 

11. If from any point in the circumference of a circle 
circumscrihing a triangle perpendiculars be drawn upon the 
three sides, the feet of the perpendiculars will be in the same 
right line (Ex, 15. No. xiv) ; and ^ is a point in the circle 
circumscribing the triangle PQR, hence the feet of the three 
perpendiculars drawn from S are in the same straight line. 

12. Let MP, M'F (fig. 155) be the two ordinates; 
draw JP' intersecting JWP in Q ; JM=a,; MQ, = y; AM'^x', 
M'P' = y' ; then x -i- x =2a\ 






'^l,.^s/'-..is/-^ 



is the equation required. 

When X •= 0, y = ov the curve passes through the origin, 
and limit — = ± \/2 ; as x increases y increases, and when 



X = 2a, y is infinite, or the ordinate at a distance 2a from the 
origin is an asymptote. When x>2a, y is impossible. 

When X is negative, — = - ; as a; increases y in- 
creases, and when ai is very large, the curve approaches to the 
parabola y'' = *« {x - 2a) as the asymptotic curve. The curve 
is that traced in (fig. 156). 

13. (l) Let y' = \ax be the equation to the parabola; 
then yy = 2a (« + x') is the equation to the tangent, and if 
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or t»^ — — , m H — 7 = 0; (l) but when sin OmaB' = itj 
cosec^Ocosec^ff = —,, or f 1- I [—7;. + 1 I = ~^i 



\m m J \m m 
and -+—. = - ; — 



^'-« \'^ 1. 



hence (a?' 



which is the equation to a circle whose centre is the focus, and 
radius = - = a cosec cosec $'. 



(2) Let tan 9 tan ^' = /3 ; .: mm = —. = (3; hence «' = - 

which is the equation to a straight line perpendicular to the 
axis at a distance « cot cot & from the origin. 



(S) Let cot + cot ^ = -y ; .-.— + —-= -y ; or - 
' ' m m ' a 

which is the equation to a straigiit line parallel to the a 

a distance ay from the axis. 

(4) From equation (l) 

i_ = X + V^y " - ■^^^' . 

m 2a 2 a 

1. =Z. _ ■/g" - *«.^' . 
m' 2 a 2 a ' 

L 
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,0. XVn. DBO. 1 


,84(i. 


m m 


- cot ff 


\/y'^ - 4«y 


-Si 



which is the equation to a parabola whose latus rectum = 4«, 
and vertex is at a distance — from the origin, 

14. Let P, Q, R (fig. 157) be three points of a parabola 
whoso ordinates are y, y, y" ; 9, 0', 6" the inclinations of the 
tangents at P, Q, R to the axis of the parahola; then since 
the tangents are in harmonic progression, 

cot e + cotff' = 2cot9'; or -i^ + "^ = ^ ; 
2a ^a a 

hence f/ + y" = 2y', which shews that Q is the vertex of the 
diameter whose ordinate is PR. 

Let the tangents at P and U intersect in T; then the 
tangent LQM is parallel to PR; TQ = ^TV; and the 
triangles LMT, RPT are similar ; 

.-. aLMT = 1; aRPT = ^ ArQR = ^QV.VRsmQVRi 

but . ^"i,,„ QV=JiV-'; and RV.sm QVE = '^~^ i 



and ALMT^-^—iy" -vY^ ? = A?LJ'l . 

I6a ^^ ■'' 4 64a 

Hence A LMT is constant as long as y" — y is constant; 
or for any three consecutive points in a series of points P, Q, 
Ri S, &c. which have the tangents of the inclinations of the 
tangents to the axis of a; in harmonic progression. 

15. (l) Let w, y, ai, y' be the co-ordinates of P, P', 
and X, Y, X', Y' the co-ordinates of Q, Q'; then 
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tan0 = 



tan0 X (y'\ . ., , tan X Y' 

— ---,= -; — ; similarly , = ■ — -. . — ; 

tan 6' a:' \y}" ^ tan ^' X' F' 



^" "(7 " » ' ■ 


■ 1/ b ' 


hence -, = ^ ; 


S I' 

y'r" 


" an 0' " 


tan rf) 
tan 0' ■ 



If the ellipses be concentric and confocal, they coincide; 
hence P, Q coincide, and P", Q' coincide ; -■. PQ' = QP'. 

16, If ta, y be the co-ordinate of one of the points as P; 

then the co-ordinates of D are ii' = - x, and - is constant for 

all similar ellipses ; therefore y is constant for all similar 
ellipses; and the locus of i? is a line parallel to the axis, or 
perpendicular to the directrix. 

17. If a,; y be the co-ordinates of Q, so that a/y = m^ ; 
X, Y the co-ordinates of D ; then 



the positive or negative sign being used according as the scrie 
of curves are ellipses or hyperbolas ; 



or the locus of D is the hyperbola, or the conjugate hyper- 
bola, according as the series of curves are ellipses or hyperbolas. 
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18. The vertex of the cone will lie in a plane passing 
through the axis of the elliptic section, and perpendicular to 
its plane ; hence the vertices of all the cones will lie in the 
same plane. Let S, H (fig. 168) be the extremities of the 
axis-major of the elJipse ; PQ the axis of one of the cones ; 
draw SY, HZ perpendicular to PQ; then if 26 be the axis- 
minor of the elliptic section, SY , HZ = b^ ; and S and H are 
on different sides of PQ, therefore PQ always touches a hyper- 
bola whose foci are 5" and H, and conjugate axis (6), and P is 
a point in this hyperbola, therefore the locus of P is a hyper- 
bola whose foci are tS", H. If a, b be the semi-axes of the 
hyperbola ; S\ H' the foci of the ellipse, then 

Sn^ = a" + 6^ = a^ .-. a'^ = a= - 6« = C-S"' = CH'^ ; 

.-. «'= CS' ^CH ; 

or the extremities of the axis of the hyperbola are //', ;S". 

Again, if S' H' be the axis-major of a hyperbola, whose 
foci are S, H; then the vertex of the cone will be in a plane 
perpendicular to the plane of the hyperbola, and therefore 
in the plane of the ellipse whose axis-major is SH; and if 
SY', HZ' be drawn perpendicular to the axis of the cone, 
S'Y'. H' Z' = 6* ; or the locus of the vertex is an ellipse whose 
semi- axis-minor is b, and foci S', H', or it will be the original 
ellipse, since in this case S'Y', H'Z' are on the same side of 
the axis of the cone. 

19. The volume of the pyramid = ^ (altitude of cone 
X triangular base) ; and the area of the triangle which touches 

the circular base = r — - — — — , where a, 6, c are the sides 

2 

of the tnangle, and r the radius of the base of the cone ; this 
will be least when a -\-b A- c is least ; but 

a + b + c {A B C] 

= r -Jcot — ^ cot 1- cot — > : 

2 (222) 

and if A be given 
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B-C B+C B- C 



Hence the triaagle will be least possible when A = B = C. 
In this case the area of the triangular base 



= S )•= (tan 60) = 3 \/s . r^ ; 
hence the volnme of the pyramid 

= ^ {3 s/sr^l h = y/sr-fi. 
where h is the altitude of the cone. 
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1. To inscribe a triangle in an ellipse, whose sides shall 
pass through three given points. 

Let ABC (fig. 159) be the required triangle whose sides 
AB, AC, BC are to pass through the three points c, h, a, whose 
co-ordinates are a^, b,; a^, 6^; a,, 61 respectively; let the 
centre be assumed for the origin, and let a?,, y^i x^, y^; 
■*3) Va be the co-ordinates of A, B, C, and x, = a cos 61 ; there- 
fore yi= h sin 6y ; similarly, let Wj, = a cos 0^, 0)^ = a cos Bj ; 
therefore j/3 = b sin 63, y3 = h sin ^3 ; and the equation to AB is 

_ _ b (sin e^ - sin eo , . , 

w - fc sin 9, = — ^ -z -^ Cje -a cos 0,) ; 

^ a (cos 0, -cos 0,) ' 



and if tan - = 

2 


O2 0, 
^,;tan-=^„ tan- = 


■k. 


<,--''{'- 


-t,t^^ b(l+t,t.^ 




"- At 


, + fj' t, + t., ' 




AB passes thr< 


mgh a point whose co- 


■ordinates an 



-~ (#, +Q= ~ % (1 - t,Q + « (1 + ;,i,) ; 

or (« + «.,) ^;^. - ^ &, (^, + h) + (« - %) = ; (1) 
similarly, 

(« + «,) ^,4 - 2 6, ((^ + Q + a - «, = 0, (2) 

{a + tti) #3^3 - 7 61 (^s + '3) 4- M - «i = 0. (3) 



y Google 



hence m^tiis ~ (t, + t^) + Mg = 0, 
fWa^jij — (*i + ^3) + M3 = 0, 
mj-its - {h + is) + Ml = ; 



t^ — n, (1 — n^m,) i, + n, - n^ 

or = ■ — ■ ; 

TOi#e - ! (nil — M'a)*! + ' ~ Mi'll, 

i, — Ms (1 — MiJWj) #1 + {n, - M3) 
jWa^i — I (m, — ffia) #1 + (1 - WiWa) ' 
hence (m, - m^ - ms + MiJWama) i,^ 
+ |2 - wii («a + Kj) - n, (m^ + WI3) + n^nig + nhns^t^ 
+ «i — Ug — ns+ viin^ti-^ = ; (4) 
from which equation the two values of t^ or tan — may be de- 
termined; which will give two positions of the point A, and 
by drawing AB through c, and AC through b, the position of 
the two triangles whose sides pass through the three given 
points will be determined. 

Cor. When b = a the ellipse becomes a circle ; and a 
triangle will be inscribed in a circle having its three sides 
passing through three fixed points. 

2. To find the equation to the straight line passing 
through the two positions of A. 

Let the coefficients of equation (+) be A, B, C; then 



or A sin^ ~ + B sin — cos — + C cos- 
2 2 2 

.-. ^ (1 - cos 0,) + i? sin fJ, + C (I + c 
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hence (C - A) cos $, + B sin e,-h {A + C) = ; 
.: iC - A)^ + B . {^\ + {A 4- C) = ; 

or |(tci — m,) — (ws — OTs) - (m., - m^) + m,-,n^n^ - n^m^m-i^ — 

+ {2 - nj, (k^ + n^ ~ n, (mia + m^ + nsWJ, + m^n^ -- 
+ { Wi +mi-(«3i.»M2) - (w3 + m3) + mireaM3 + «]«Ji^m3 = 0; (S) 
and the straight line represented by equation (S) will pass 
through the two positions of A, which will be determined by 
the intersection of the straight line with the ellipse. 

3. Let a circle be described on the axis-major ED of 
the ellipse (fig, 160), and suppose a triangle ABC to be in- 
scribed in this circle whose sides shall pass through the three 
points a', 6', c' whose co-flrdinates are 

.„?*,; a.,\h.; a.,\i,: 

then using the same notation we shall obtain equations (l), 
(2), (S) for determining the values of t-^, t^, t^ in the circle; 
hence the values of 0,, 6^, 0^ are the same as in the ellipse ; 
and if JA', BB', CC be drawn perpendicular to ED to meet 
the ellipse in A', B\ 6", the three sides of the triangle A'B'C' 
will pass through the three points a, b, c whose co-ordinates 
are «[, bj ; «„ 6^ ; a^, 63 respectively. 

4. To inscribe a triangle in a hyperbola whose sides shall 
pass through three fixed points. 

Using the same notation as before, let 

x^ = aaec0|, .-. j/, = Standi; 
similarly let 

and the equation to AB is 

. , b (tan 0^ - tan 0,) . „ , 
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n + t,t„ \ 



W, + ^ / 



hence -63 ((^, + #,) = (l + ?f,4) % - » (' - ti^d ^ 

.". {a + a,) tj, - ^ &3 {t^ + i.) + «, - a = 0, 
or mst^t.^ — (i| + ^i) — % ^ 
similarly fBa^i/j — (^1 + ^3) — «a = 

»K,^2#3- (^s + y ~«| =0; 
hence (m, —m^ — ms— rajnijiMg) ^1^ 
+ {2 + mfi (Ma + %)+«! (tHj + Tth) - n^ni^ - m.,n,f\ i, 
— («, — Ma — M3 - m,nin^) = ; 
from which the two values of t^ may be determined. 

5. To find the equation to the straight line passing 
through the two positions of J. 

If Ji," + Bt, -h C ^ ; we have 

(C - A) cos^i + B sin 9^ + (A ^ C) = 0, 
or (J + C)sec0, + £tan6, + (C-^) = O; 

a o 

is the equation to the line joining the two positions of A. 

6. To inscribe a triangle in a parabola wliose sides shall 
pass through three fixed points. 

Let ABC be the required triangle, whose sides AB, AC, 
SC are to pass through three points c, b, a whose co-ordinates 
measured from the vertex are 03, &3; fflzj^s; «i)&i; leta^,,?/i; 
■'Vi, V'i'-, *35 Vs'i be the co-ordinates of A, B, and C respectively; 
then the equation to AB is 



y - 



biit . 



^■1); 
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and since tliis passes UiroTigb the points «a, h-^; 







.-. b,- 


!/i +ys y>+ y-i 












or 


y^y^' 


- hiyi + y^) + 'iaRa 


= f>; 


(n 








similarly 


yiy^- 


-h(y, + ys) + *«%■ 


= 0; 


(2) 










y^p-> - 


- ^liyu + yi) +4««i = 


= 0; 


w 








-'I 


~4,ac 


(a 6,yj - iaa. 


'-^-1^ 


-4a 


;«3 




• "- v.-K 




. (>>y 


^-iaai 


(.I>A' 


-4aa,)(/| + 4a(aif)3- 


■«,(.,) 


!.,!/, 


-40 


;a2 



y, — 6, (63 — 6,) y, +b^b3 — 4a «3 

or |6ifcs — ^2^3 + '■i^a — '^(to^i^yy 

+ [4a{(«i + %)6s-K.+ a^)^\ + («i +«s)^4 -SftiJ^yyi 

+ 4o {aa{&i63-4oa3) - 6a(«i&3- «a?»i)} = 0; (4) 

from which may be determined the two values of 1/1 which will 

give the two positions of the poiot A. 

7. To find the equation to the straight line passing 
through the two positions of A. 

Since y-^ = iaxi ; substituting this for y^^ in equation (4) 
we have 

ia (bibs - b^bs + &i6a- 4.aa,)iv, 

+ [4« {{a, + a.,)h - (a, + as)b, 4- (a,+a^)b,} - 2b,b,bs}y, 

+ 4a {a^{bibi- 4«»g) ~ b^ ("i^a- a-ibi)] = 0, 

which is the equation to the straight line passing through the 

two positions of A; and the intersection of this straight line 

with the parabola will give the two points required. 

8. To construct the triangle geometrically when the 
three given points are in the same straight line. 

Let m, n, p (fig. 35) be the three points ; draw any line 
mab through m; through h drawn ben, and through c draw 
pcdi join ad and let it meet the line mnp in q; then abed 
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is a quadrilateral figure, three of whose sides ab, he, cd pass 
through three fixed points in the same straight line; hence 
the fourth side ad will pass through a fixed point in the same 
right line. 

Now when mab changes its position until the points a, d 
become coincident, the quadrilateral figure abed becomes a 
triangle, and gda becomes a tangent from the point g. Hence 
from the point q draw the tangent qB (Appendix ii. Art. 66) ; 
join mBA, JCn, BC ; and ^BCwill be the triangle required. 

Similarly, if qB' be the second tangent drawn from q, a 
second triangle A'BC' will be determined whose three sides 
pass through the three points m, «, p. 

If the point q falls within the conic section the problem is 
impossible. 

9, When two sides of a triangle inscribed in a conic 
section pass through two fixed points, the third side will 
always touch a curve of the second order. 

Let the two sides AB, AC pass through the points a^, 6^; 
«g, b;,; then from equations (l), (2) Art. 1, we have 
m^tit^ ~ (^i + 4) + «s = ; 
m^tj^ ~ (t, + t,) +n.^ = 0; 
and the equation to BC is 



■ t. + t^ 



hence t^ = — '- , 

^3^1 - 1 
_ (W!^ + Wis) ^1 - (2 + « 



mJi ~ 1 



(rn^ti - 1) {m^t, - 1) 



{mJi - l)(m3*, - 1) ' 
and substituting these values in the equation to BC, 
(a + «) {^/ - («s + Ms) *i + n-iU-j} 

~ TV { (w^a + ^Wg) ^1^ ~ (^ + «J£«3+ nsm^'jtt +n^, + n-^} 
+ (« - .v) {m,m.J,' - (m, + m.) /, + 1 1 = ; 
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\ (1 4 m^JWa) a + (1 - m^m^) a; - - (wj + m,) y} i,= 

+ (1 + «3«s) « - (1 - Mj«a) i^ - , («; + «3) y = ; 
or ut;^ + v#, +w? =0; 

where «, v, w are known linear functions of w and y; and to 
find the curve to which this line is always a tangent, we must 
make ^ui, + v = ; .'. v" = 4iiitv ; which is the equation to a 
conic section having two tangents m = 0, w = 0; and ii = for 
the equation to the straight line joining their points of contact. 

The same proof will equally apply to the hyperbola and 
parabola. 

10. If a polygon of n sides he inscribed in a conic section, 
and (m ~ 1) sides taken in order pass through n — 1 fixed 
points, the remaining side will always touch a curve of the 
second order. 

Let AB, BC, CD, &c. pass through the points a,, b, ; 
a^, b^i ...ffl„_i, /i^_i ; then we have 

^1^1 *e - (^1 + ts) + «i = 0, 
rn^Ms - (ts + ^3) + M, = 0, 



ind the equation to the last side is 



ntiti — \ ' in-it^ — 1 

(I — «»,«;) ^1 + (Ma — «i) ast\ + 03 
(wis — m,) (, + 1 — m^Mj -ys^i + 4 ' 
<-ii /^3! "V'!' ^-^ ^^^ known quantities. 
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Similarlv, t.^ = ~ — = s- ; 

fn^t^i — I yiti + Pt 

vliere «, , (i^, y^, ^^ are known ; and 

where «^, /3„, 7„, ^„ depend only upon a,, 6,; «s, 65; 
...«„_i, &„_i ; and are therefore known ; but from equation (l) 

■■■ { (1 + 3 *. - 1} («^*^ + /^"> + (^ -^ ~ - I *'> <-/"'■ + ^J = ; 

or uti^ + vti + w^Oi 

where u, v, w are known linear functions of a: and y\ hence 
as before d' = ^itw is the equation to the curve which is 
always touched by the last side of the polygon, and is a curve 
of the second order, 

H. If two sides of a triangle inscribed in a conic section 
pass through two fixed points, find the condition that the third 
side may pass through a fixed point, 

mj\k - {ii + Q + "s = 0, 
m.^a^s - {h + 4) + »i = ; 

■'■ *3 = ~—. — -^> anil (Wi^a - I) ^1; " (*.< - W|) = 0; 

or (m, #5 — 1) (#1 — M3) — (mifti — 1 ) ('a *" '^i) = ; 
.'. (m, - ma) tit,i + («|)Ha - 1) ^1 + (1 - njnii) ^;j + w^ - «, = ; 

but in order that this may pass through a fixed point a.,, b.^, 
we have 

(a + ffs) #i!t, - 1 6, (i^i + i^a) + a - a, = ; 

or the coefficients of t, and #3 must be equal ; 

.-. Wjms - 1 = 1 — ra^m,, or «j»i-i + w^mj := 2, 
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Now 



If two tangents be drawn from a point whose co-ordinates 
are «, , &, ; «3, S3 will be co-ordinates of any point in the 
chord of contact; and vice versS. 

12. To find the position of the point through which the 
third side passes. 

Let ab (fig. 161) lie a given straight line; and when pairs 
of tangents are drawn from any point in this line, let the 
chords of contact meet in the point c; then if b be any given 
point in ab, and AB, AC be drawn through c, b respectively; 
the remaining side BC will pass through a fixed point. To 
find the position of this fixed point, join be ; then if the chord 
bAC be made to coincide with bA'B\ the points BB' will 
coincide and CB becomes a tangent at B' . Similarly, if A be 
made to coincide with B', C will coincide with A\ and BC 
becomes the tangent at A'; hence the point a is the point of 
intersection of the tangents at A', and B' ; and lies in the 
straight line ab. 

13. If three sides of a quadrilateral figure inscribed in a 
curve of the second order pass through three fixed points, 
find the condition that the fourth side may pass through a 
fixed point. 

Using the notation of Art. 10, 

k = --^^' ; {m-^t^ ~l) t,- {I, - 111) = ; 
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(mj., - 1) #g - {f,, - nj) = 0, 

(ffZj — mi) /i#j + {n-^m, — 1) ?i + (1 - n^m;) i^ + n^ — n^ = 0, 

or ts[(m..~mi)ti + (l — Wi?»a)} + (We»)| — l) #, + («i— W^) = 0; 

■'■ (f^jti — ') {(1 - 'W^«;) #1 + % — «ij 

- {t^ - mJ {(mo - m,) #, + (1 - «,»»2) 5 = 0, 

and when the fourth side passes through a fixed point the 
coefficients of ti and t^ are equal, 

hence m^ (wg — Ui) — (I — «i»»s) = n^ {m^ — m,) - (1 - m^n^}, 

or mij (n.! - n-^) + wia («3 — n,) + m^ (Wi — «a) = ; 

NOW „.„,-™,„.=f(^.)> 
26'- /«., - a, a., — Ho a, — Bg\ 

hence {a^ - «,) 63 + (a^ - a^) h^ 4- (oi - 03) *i = ; 

■ ■■ K - «.) &i + («i - «.) &. - S («3 - %) + («. - %)| &3 = ; 

.-. («B - «.) (&. -f>,) = («, - «.) (^3 - h.:) ; 

°'" ^is - 6j "^ «, - a, ' 
which shews that the three points must be in the same right 
line. 

14. If M - 2 sides taken in order of a polygon of 11 sides 
inscribed in a cotiic section pass through « - 2 fixed points; 
find the position of the point through which the n — l"* side 
must pass, in order that the remaining side may pass through 
a fixed point. 



Using the notation of Art. 10; 



(1) 



■ «;i-i! A'-ii 7ii-i' ^n-i are constant, since they only 
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depend upon the co-ordinates of the points through which the 
first w — 2 sides pass ; and 

(ct„_i4 - l)^„_i = 4 - «,_,; (2) 
for convenience we will represent equations (l), (2), by 

or {Af>.-C)ht^-{D-B,x)t,-{A~Cv)t,^-iDu-B) = 0; 

and in order that the «*" side may pass through a fixed point 
the coefficients of t-^ and („ must be equal ; 

.-. D~B,>.= A~Cv\ 

and if a„-i) 6,-i be the co-ordinates of the point through 
which the n — l*^ side passes, 

or \{I>- A) b„_, = B{a + «„_,) - C (ffl - «,._,). 

or (5 -I- C) a„_, = ^(I)-A) t„_, -(B-C)a; 

hence a„_i, b„_i lies in a straight line whose equation is 

iB + C).v-'^iD-A)y + iB-C)a = 0; (3) 

and if the (n - 1)* side pass through any point in this line, 
the «*'' side will pass through a corresponding fixed point. 

15. To find the position of the fixed point through 
which the n'^ side passes. 

Writing for convenience //, v instead of m„, w„, we have 
fi'ii4 - {t^ + ^„) + c' = 0; 
and making this equation coincide with equation (9) Art. 14; 
A^-C , Dp^ B . .r,„ .„ 
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, AB^ - DC, 
■■-^"-^'■= D-B,. 

^ JB/x ~D{A~ D^Bm) ^ r, _ . . 
D ~ B/x ' 

or D - BfA' = A - Cv -, and as before, 

{B + C)a„ = -(D- A) b„ - (fl - C) a ; 

hence «,„ b„ is a point in the straight line in whicli «„_i, 6„_i 
lies 

Upon the whole we conchide that if a rectilineal figure of 
n sides be inscribed in a curve of the second order, and ji — 2 
sides taken in order pass through tc — 2 fixed points, there is 
a certain straight line, through any j&i?ed point of which if the 
(m — l)"* side be made to pass, the remaining side will also 
pass through a fixed point which will be in the same straight 
line. 

In Arts. 11 and 13 the particular cases have been proved 
when the inscribed figures contain three and four sides re- 
spectively. 

If (n — 2) sides taken in order pass through h — 2 fixed 
points, and the n - l**" side passes through a fixed point which 
does not lie in the straight line determined in equation (S) 
Art, 14, the jj*'' side will always touch a curve of the second 
order. 

16. If a hexagon be inscribed in a curve of the second 
order, and five sides taken in order pass through five fixed 
points in a straight line, the sixth side will pass through a 
fixed point in the same straight line. 

For the hexagon ABCDEF may be divided into two 
quadrilateral figures; and since AB, BC, CD pass through 
three fixed points in a straight line, DJ will pass through a 
fixed point in the same straight line. Also since AD, DE, 
EF pass through three fixed points in a straight line, the 
remaining side FA will pass through a fixed point in the same 
straight line. 
M 
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17. Hence generally, if 9n — 1 aides taken in order of a 
polygon of 2m sides inscribed in a conic section pass through 
9n — 1 fixed points in a straight line, the remaining side will 
pass through a fixed point in the same straight line, 

IS. If 2w - 1 sides of a polygon A^J^-'-^s^ + i of 2m + 1 
sides insciibed in a eurve of the second order pass through 
2n — 1 fixed points in a given straight line JB, and the 2m*'' 
side also pass through the point of inlersection of the chords 
of contact when pairs of tangents are drawn from any point in 
AB, the 2n + l'" side will pass through a fixed point in the 
straight line AB. 

The chord AiA^^ will pass through some fixed point A in 
the given straight line AB (Art. 17); and if A^„As„ + i pass 
through any point in the chord of contact of pairs of tangents 
drawn from A, the side AiAg„ + i will pass through a fixed 
point in the same chord of contact (Art. 11) ; and if it passes 
through O, the straight line AiA^^^, will pass through a fixed 
point in AB (Art. 12), which will be the point of intersection 
of the chord of contact of a pair of tangents drawn from A 
with the line AB. 

19. By means of Art. 12, a pair of tangents may be 
drawn at the extremities of a given chord of a conic section, 

Produce BA (fig. I62) to any point c; and let DbE he 
the chord of contact of a pair of tangents drawn from c (Ap- 
pendix II. Art. 66) intersecting AB in b; through c draw any 
line c^'B'; join J'bC ; draw B'C'E meeting DbE in Ei 
then AE, BE are tangents at the points A and B. 

If B'bC, meet the conic section in C, ; A'C, will meet 
Db in the same point E. 
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ON THE GENERAL EQUATION OF THE SECOND DEGREE. 
1. To transform the origin to the focus of the curve. 
First let the co-ordinates be rectangular, and let 

ay^ + bxy + ex' + dy + ea? + / = (w, i/) = 
be the given equation ; transform the origin to the point a, (i 
by making 

,1; = «' + a, 1/ = J/' + ^ ; 
■■■ a iy' + ^Y + h (*' + a) {y + ji) + c (,^'' + af 

+ d(2/'+/3) + e(^' + a)+/=0, 
or ay'^ + hafy + cx"^ 4- d'y + ex + (p (a, /3) = 0, 
where rf' = 2a(3 + 6a + d; e' = fi/3 + %ca + e. 

Next, transform the equation to polar co-ordinates by 
putting 

x' = p cos Q, y = p sin B ; 
.-, (asin^0+6sin9cos0+ccos^e)p^-(-(d'sin0+e'cos0)(] + i^(a,/3) = 0, 

or Pp^-,Qp+$ = 0; .-. ^ = — ; 

but Q^ - 4.PO 

= (rf'«-4«4>)sin"e + (2dV-*6*)sin^cose-l-(c''-4c*)cos'0; 
and if «, /3 be assumed so as to satisfy the conditions 
d" ~ 4a<I> = e"' - 4c4>; 2d'e' - 464> = 0; 
then Q^ - 4/"* = e'= - 4c<t, 



1 \/e'' - 4c'il> f, 1 . , 

and — = ± ~ — { 1 =F — 7— — ■- (e 

p 24 I x/e^-^'C* 



iY_. |lT , =.cos(e-^'>}if-, = tanS^^...(i) 
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which is the equation to a conic section from the focus, having 
its axis-major inclined at an angle S to the axis of w, 

e' sec ^ 
its eccentricity E = .—■ ^=; (2) 

and senii-lat US-rectum L = — -z (.^) 

the two signs corresponding to the ec((iadons from the two foci 
respectively. 

Now d'* - e'^ = 4. (« - c) (t>, and d'e = 3/jO ; 

d' e' 2(«^c) 1 „ 2(n-c) 

... ^ = or n = - 2 cot 2 d = , ■ ■■■ ; 

e d b fj. 

.: cot2S = ^-^; (4) 

h 

a^c^ V{a - of -f y 
^ ^^ ; (,) 

1 , 2 \/{a - t')^ + '^ 

,^_. r— ^ <'> 

, , 2il> rf'e' ,xe' 

and X = -—=== = -— -===^= = ■— , . (8) 

Ve= - 4c<& 6\/e^- ic* , / 2c 

2. To find «, /3 and Z,. 

dV - eft* = (saQ -i- fia 4- rf) (ft/3 + 2CG -h e) 

- 26 (ffl/3' -I- 6a/3 + ca^ + dii + ea +/) 
= 2«ft/3^ + (ft^-h 4«t')aj3 +2ftca^ -I- (Sed -I- fte)a 
+ (2oe + 6d)/5-|- d« - 2ft (« ,3^-1- ha^ + ca' + ea -V d(i -\- f) 
= -(ft=_4,«c)«/3 + (2cd-fte)a-H(2«e-6d)/3-(2ft/-de)=0; 
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afi-ka~h(i + g=^0. 



■(9) 






Also d"^ - 4«il> 
= (2o/3 + 6a + d)'^ - 4a (a/3' + ba(i + ca^ + d/3 + ea +/), 
or rf'*-4«ij>= (6'- 4(ic)a^ - (4ae-26d)a + rf^-4a/. 
Similarly, e'^ -4c(l' = (ft^- 4mc)/3'^ - (4ed -2fie)/3 + e^- 4c/; 
and putting 6^ — 4ac = m, 

rf'^ - 4«o = f« S(« - Af + X CA* - ^)^ ^ 

e'* - 4c'* = m H^ - *)' + ^ (^* -5-)} : 
., (« _ A)v + ^Jt(kk -g)-(&- Icy + ^ (hk - ^), 



and (a - h) (/3 - &) = AA - g; from (9) 

hence ^^* - t^ = _ !i^Jl2l =1^ ,■ 
fi- k a- h h i>. ''" 

.-. ~ = u, and a(a - lif = hk - g ; 

a - h 

i3 = &± %//* (hk - 
Hi:nco hk — g- and fj. must have the same sign, and since 
■■^ 0, 



00 



2{a-c) 
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the two values of fi have different signs; and only one of 
them will make a and j^ possible. 

It will afterwards be proved that in the ellipse where m 
is negative, b (fi. + -j is negative; and the negative sign 
alone of equation (6) can be used. 

Hence in the ellipse 



1 a x/ict - cf + h^ % \/{a + e)' + w 
^ + ^ = _ ^ ^ ^___ 



hv/(a + cr+» 



and - - — = TT""^ 



1 _ 2o a-i- c + \/(a + cf + m a + \/a"^ - 
,1. I) 

where a + c = a, or 

2 (b'^ + m) - 2aV«'' + ?K ,,(«'- "/«'' + mf 



(!2) 



= {«-A)H{/3-fer=(«+^-)(A4-^) = -2%/«'^+m(^^).(l£ 
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And the co-ordinates «,, /3i of the extremities of the axis-major 
are found from the equations 




(/3, - kf = -,, (/3 - A;)^ = f^;j=^ J^ fAfr-^)i . (18) 



If a, a"; /3', /3" be the two values of a and /3 respectively 
determined from equations (U), «' + u" = 2A; ^' + /3" = 2ft; 
but a, /3'; a", /3" are the co-ordinates of the two foci ; there- 
fore A, k are the co-ordinates of the centre, 

3, To find the values ofd', e', and (p (a, /3). 

= (6^ + 2<:h + e) -(- f ft \/m + — 7= ) v/AF-g-"; 

And 9h^(a, (i) - d'e = fie'^ = (hfi + 2cy {hk - g). 

4. To deduce from the above expressions the co-ordinates 
of the vertex, and latus rectum when fe^ ~ 4ac = 0. 

In this case the values of h and k become infinite ; 
let 2cd - he = K, 9.ae ~bd = H, zhf-de = G; 

•hen „.(»--:«).::<(" *:'^!l», 
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and expanding to the first power of m, 



b ^a'h h \ iav! 

h Sab ~ b \ ia'aj ' 

{ae^ ~ hde + cd^ + mf) 



now kk - g 
md if M=d'- 'iaf, N = e' - A-cf% 
mW - M (a^ - b 



mk'-N (ae' - bde + ci' + mf) ^ 




kk-g mh'-M mk'~N 




2b ium icm 




hence a - — - - VC-ff* - mM) (l + -^,] 




H a / m mM\ M H 
°'°^m ml'*8<io' BIPI ^ 2H salt'' 


(19) 


,.^_iV(-_..,(..^.^-^-. 


... (20) 


„■ ,K'-,.m A- , mN. 
s«" I 2cm' / Woo'' I ii" r 




-ff / mN\ 




is/ea'l [ UK')' 




and when m vanishes i= ± 


.. (21) 
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in" %a^ ^^' 

which gives the eccentncity of the elhpse when m becomes 
very small. 

M Jlla'-u) M cH 

Similarly, (3, - t + y; (/3 - *) ; 

mN\ I m • 



HKV 



- ^„.. P'^)- 



6. When ¥ — i-ac = 0, to determine independently the 
latus rectum, the position of the axis, and the co-ovdinates of 
the vertex of the parabola. 

From equation (9) 

(2crf -6e)« + {2ae-bd)fi^ {^bf-de) =0; 

also the two values of ,1*, derived from the equation 



d' 2afi + ba + d 2a {2ae - bd) 

e 6/3 + 2ca + e h b(hfi + 'ica + e) 

and cannot therefore = — ; 

. 2(,' b 

hence the onlv admissible value of it is — = — — . 

^ b 2« 

Again, (i'--4«*^~(3^«-J/); ande''-4«;<l'= -(a^AT/^i-iV") ; 
.-. 2ffa~ M=^2IC0-N; ,... (B) 
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and the intersection of the two straight lines represented by 
equations (A) and (B) will be in the focus of the parabola. 



lence ( '^-- + ^"l isKli - iV) = G - 4;- * 1^-'^- 

od' + ae'-bdt JT' H' 



.: lKj3-N^iHa-M. .. -— -1 

40(0 + c) 4a(o + e) 

■ a ^ '^ (CI 



-^ (B, 



d' 2ali +ba + d 
e b(i + 9,ca + e 



= '* = -"c 



.-. {ia^ 4-fc*)/i+ 2b(a + c) a+ ^ad + be^^Oi 

h Qad + be 

or fl + — a+—; — -^ = 0, (E) 

^ 2a 4«(« +c) 

{^ b \ c/2ad + be\ H 
and e' = ^ /3 + — a +e = ^-- =-7 r; (F) 

but d e = 2b^ = /xe'^ ^ ~ — e' ; .■. e'^ - 4«<P ; 

/, SftcosS c'cos^ Hco^i 

an - = ^^ = - 2 « - ~ " ^,^ ^^ ^, ^.j ' 
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(G) 



4 \/a (« 4 c)i 4 v/c (a + c)^' ' 

6. To find the equation to the axis of the parabola. 
Since tan S — — , equation {E) is the equation to the 

principal diameter. 

7. When the general equation of the second degree is re- 
ferred to oblique axes, to find the polar equation from the 
focus. 

Let ay' + bwy + cx^ + dj/ + ea? +/= <p (ifi y) = 0, be the 
equation of the second degree referred to two axes inclined to 
each other at an angle lu ; transform the origin to a point «, 
^ by making a^ = *' + a, y = y' +&; 

.-. ay'^ + bafy + dv'" + d'y + da! + tp («, /3) = 0, 

where (X = 2«/3 + 6a + d; e' = 6/3 + tea -)- e- 

Next let the equation be transformed to polar co-ordinates 
by making 

, sin {w - 9) , _sm9 

.: Jasin=9 + 6sin Bsm(w-9) + c s\n' (w - 6)] p' 

+ sinio Jd'ain^ + e sin (w -0)1 p + sm^ w(p (a, fi) = 0, 

" 5(« — 6cosoi-Fccos'«i)sin'^^ + (fesinoi— csin2(ti)sin0cos0+csin^(ocos^9}|O^ 

+ sin(u|(rf' - e cosio) sin 9 + «' sinui cos9\ p + sin'o)^ (a, /3) = ; 

and representing this equation by Pp' + Q sJn(O|0 + sin^«iil» = 0, 
we have 

! Q I P 1 - Q ± x/q' - 4P* 
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Now Q- - 4P<I) - {(.d' - e' cos w) sin + e sin w cos 9] ■ 

- 44>|(a - 6cosni-i- ccos^tti)sin^e 

+ (6 sin ft) - csina«i) sin^cos^ + csin^w cos^0} ; 

and assuming a, /3 so that the coefficient of sin cos may 
vanish, and the coefficients of sin'0 and cos'^9 be equal in the 
expression for Q' — 4P'J>, we have 

((T - e cosw)^ - 4* (a - t cos™ + c cosV) 

= e"^ sin'^iu - 4c<t> sin^w, (i) 

and 2 (d' - e cos(o)e' sin o> - 4* (6 sin <« - c- ain2a>) = 0, ... (2) 

or (d'-e'cos&i)e' = 2<ti(6 - Secosu,), (3) 

and rf'" - 4«il> - Srf'e' cosw + e'- cosSw 
= 4(1) (c cos2(w - ftcosw) = — 4c $ - 2(d' — e'costti) e'cosw; 

.-. rf'^ - 4«'i> = e'^ — 4c4>, (4) 

and d'e' - 2fi* = coso) (e'^ - 4c1)). 

Hence, putting — j—. = ji = tan d, (5) 

1 -e sino)sec^cos(a-^) ± BmwVe'' - 4c^ 

p~ 2 SJUfoO 

1 v/e'^ - 4c€> 'f e sec 3 cos (0 - S) ,,. 

or - = i ' — — -■ — (o) 

p 2<1> 

which is the polar equation to a conic section from the focus, 

4* , , 

whose latu s-rectutn = — . ; (7 ) 

\/e^ - 4c$ 

e sec ^ 

eccentricity E = — , . ■ =; - (8) 

■s/e' - 4cO 

and inclination of the axis-major to the prime radiiis = S. 

Also from (s) e' ((f - e cos w) = 2* (6 - 2 c cos w) ; 

.■. e'^sinu)^ ■= 21.1(5 - 2(;cos(u), 
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APVEN'DIX 11. 




].8y 


iml E ' "^ " ' 




=-(9) 


"" ^ V , 3 c sin 


^" 


To find ,,, we have 

e'smw^ = 2(6 -5c w 
'^....... , .„... . 


.s»)<I>; 





cos a,, and d'- - e'^ = 4 (tt - c) 'i' ; 

e"^ {i/r - ])sin'w +^sin2(y} = 4 (a - c) * ; 

(M^-l)siil%, 4-^1 sin 2«, 2(«-c) 

ice : = — — , 

/isiiio) o — sccoso) 

I 2(a -b cosoj + fi cos 2w) 



bsmo) — c sin 2(0 



cot 2^, „. (10) 



/i4--=±\/4+(;U 1 



1 2 \/(a — 6 cos CO 4- c)^ + (?>^ — 4 a c) sin- w 

,x &sin£o — csin 2<o 

It wilt afterwards be proved that in the ellipse and 
parabola the negative sign only can be used in the expression 

for /I + - . 

9. To find a, 0, and L. . 
From (Art. 2) df' - ia^ = m j(« - hf + ~{hk -g)\, 

e'^ _ ic* = m l(/3 - S:? + ^ (''^ - ^)| - 

d'e -2b<^= -m{(«-A)(/3-/0 - ('tfe-g)i; 
but d" - iraO = e'^- 4041, and d'e' - 260 = (e'^- 4c 4-) cosio 

... („ - /.). - (/3 - t). _ _ ^ifLlL^ (44 -g), (18 
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1 ' = ^'" . ■ --; for dividing (19) by (i3) and 



-J ^(a ~ c) ((// - 1) sitKo + 3-ix coS(u| 

D +X ~ h -Sccosiu "I /I 1 ' 

i,;„i. ^ ^'"'" sin(,»-^)_ 



.-. (/3 - kf (cos. + ^^"^"/H = ^ 7"''" (''^ - ^> ' 



-tan(«>-S)(A&-g), (15) 

sin*(o 2 (ftsino) — csiii2to) ,, 
and (^£)=,(0-*,.-^ .-L_-^-j-^j— i(«-^) 

or(^g),< ?""-°"^°-' (.-^i)(»-g) (.6) 

Let a - ficosft) + c = a', h - Sccosw = 5', and 
{b^ — lac) sin^w = m ; 
therefore in the ellipse 

I 9 \A'' + m 1 9 («' - 2c sii]^<y) 



^ b'mnw ' 


' 


„ 1,'imuj 


1 /«' - 2c i 


dn',, 


'> + \/a"' + m'\ 


°\ \ 


*■ 


sin., j ' 


1 Sesin^o, 


^ 


a + V«'' + m'\ 
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hence /i = — -■- : -^. = — - , 



«{^*^^)^y 



... J'. - (a' +v/a'- + »?j [—--)' <'") 

, («' - \/a"' + ra') 

B' - ^^ (1 - -E') - ^'—, , ,. , ; 

a + \/ a' + m 

... i,. = -(«■- v/?^W)(^)....(«) 

... i..<!^^|^'>-"(**^). PO) 

j-e.-.V^^^^i!^') p.) 

(.-/.)-.'.=^'"...(»^S)('iip?),.„(«) 

?/ /a' - 2c sin^ w - \/ d^ + ifi\ {hk - g\ 

and (a-^Ar= (c-6cos<« + (/cos2ft)-\/« = +m)[^^^-^j. 

And if a,, j3i be tlie co-ordinates of the extremities of the 
axis-major ; 
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Simitarty, 

, ,fhk-gy 

And (area of the ollipse)" = tt^J-B^ = - ir »» ( — 7- — I ; 



thereforearea of the ellipse = — Trv4«c-ft^,sin«i( — 7 — 1 ■ (2(i) 

It may be observed that as in the former case 

hk -g __ Imh^ - M\ _ i mk' - N \ 
h V 2am ) \ 2cm I 



10. To deduce from the above the expressions for the 
position of the axis, the co-ordinates of the vertex, and the 
latus rectum, when b^ ~ iac vanishes. 



b' sin a 
- Scsin'ui — - 



b' sin tu b' 

2c sin (u / m \ 



Hence (fl ~ kf = - -A- 



•0) 
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-^^^-/(-i5:)S(-^) 




=^f{-(^-5.)h 




°'' '^ IK Sa'e 


... (2) 


^ 2i/ saV 


... (3) 


Also /3, - * . ^ (;3 - ft), and £■ - 1 + '"'_ ; 





.-. A 



K K t 11 N \ 



9.x Sa"e^ ' 

. ., , M H , 
similarly, a, - r= - — ;- (o - S cos „ + o cos- a,) (5) 



. , ., . , sesin ai 
And from equation (1) /i = -, — ; 



.'. sin^^ = 



+ CC0.s'6 



JV _ jT COS'S ^ 
' 2K "sa'e ' 

'' 2H Sa'a 



■ (6) 



N 
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^ &m^u>K I mN\ , 
r Z, — 7= — 1 — — -. when m. is small 



ancE when m vanishes, i = ± — — — . 
When m is very small. 



or as li^ - ioc diminishes, the ratio of the axes of the ellipse 
approaches to 



\/4mc 



2{a - b cos Q) + c) 



11, When b'^ - 4ac = 0, to determine independently the 
position of the diameter, the co-ordinates of the vertex, and 
the latus rectum of the parabola. 

From Art. 5, 

d''-4«0= - (2Ha - M), e'^-4c*= - (2^/3 - JV); 

and d'e - 2bi> = Ka+Hfi-G; 

.: 2Ha-M^'iK^~N, and Ka + H ji-G = ~ {2K^-N)co&m; 

H 
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= ^hf-de -f - (d^ - ■!«/) + - (e^ - 4c/) 
cd' + ae'-hde K^ H' 



. N K N B 

•-■^ = lK-^- = ^^^-' ^" 

. ., , M H M K 

similarly, a = —r- ■, = —- + ——. (9) 



equations 10 and II, Art. 8, gm 



2csin&j ' 6 — 2 c cos to' 
h bcosm ~ 2c 



, d b b cos to — 2c 

Lnd — = — or ; 

e Sc fi~SccoS(o 



e' 6^ + 2ca + e 2c 2c{/>/3 + 2ca + e) 2c 2ce' ' 

which cannot = — ; hence the only admissible value of u is 

2c -^ 

~ 2c sin ft) 1 . t, 2c sin w 

■ - - - ; and sin d = — - -. -. 

b - 2c cos to ^{h -2c cos (u)^ + 4c-sinV 

^/csin. 
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2ce' b-2ccosM 3c 2c(6 - Secosoj) 


li ' 


b'JT 

hence e = ; ; 

4c« 




J ^ i 2<l>cos.5 e'^sinnj tan^.cos^ e'siiKus 


mi 


""" ^ £ e- «'(6-accos«,) "ft-9ecc 


ISO) 


but HnS-^"'^"". ■ / ''"'"'-^ 


....(3) 


\/«' 4 v/(T ff'J 


„ . isinS A' /f ifrfn'o. 


•■•■(■*) 


"' " 2 sin™ s/f 8oo' ' so'" 


'....(5) 


Again e' = 6/3 + 2ea + «=---, , 




_, .in 5 lftc\ 




VAT 
.■. S/3 + 2oa + -—- ;+<! = 0i 


... (6) 



is the equation to the principal diameter; 
and the intersection of the two straight lines 
2Ha-M=2Kl3- N-; 

and Ka + Hfi - G = - cos a> i^ Kfi - N) =^ -''-^....(7) 

will be in the focus of the parabola. 

Let J be the vertex, S the focus, ASa (fig. 163) the axis 
of a parabola, and let the equation be transformed so that 
Z PSa = 9 - &; then when the axes are inclined to each other 
at an angle w, 

d'e ~ 26(I> = (e'" ~ 4c$) cosw; 
.■. {d' - e cos to) e' = 2 (fi - 2c cos u>) <t> ; 
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Of lie'" sill w = a6'<l>; but a - — - — -,,--- ; 
ft 

and is negative since a and c are positive. 

Hence in order that the latus rectum of thf parabola may 
be positive we must take the equation 

therefore e sec ^ is negative ; 

jr.ii,» , Jirm„ 

but e tan (1 = ■ — ■ ; .■. e sec b = — ^—. — ; 

2 a' 2 « sin h 

which is negative ; hence K and sin ^ have different signs. 

IVom equation (6) if h be positive, C2> (fig. 164) is the 
direction of the axis, and the parabola will assume the position 
A^P-i or A^Pf according as sin 3 is positive or negative; i.e. 
according as ^is negative or positive. 

If b be negative, CD' is the direction of the axis ; and the 
parabola will assume the position A^P^ or A^P^ according as 
sin^ is positive or negative; i.e. according as K is negative 
or positive. 

This equally applies to Art. 6, where the axes are rect- 
angular. 

12. If any relation among the coefficients of the given 
equation should make d' and e' = ; since i/^ — e'^ = 4{« - c) <I>, 
we have <t» = ; and the equation when transformed to polar 
co-ordinates becomes 

Pp= = 0, or{((sin"9 + ftsin0sin(w'fc') ^ c s\n' {w - 8)} p' = 0, 

and since p is not always = ; this equation determines two 
values of (9), or the equation represents two straight lines 
; through the point «, ^. 
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13. When d and e are each = 0, tlio origin is the centre ; 
and d'e' - 96* = - ma/3 - 26/, 
d'^ _ 4fflO = ma' - iaf, e' - 4«<I) = m/3^ - icf; 
ni(a'-/3') = 4(«-c)/, and co3«>{m;3=-4c/)= -ma/3-26/; 



ftsinfti 
2(6 -aacostt.) 



14. To find whether ^ = or x , when b - 2c costo == 0. 



6'sin«> 

a' = a + (; - 6 cos(u, 6' = 6 - 2c coSft>, or 6 = 6' + 2c cosw; 

.-. a' = a + c - 6'coS(!) - ac cos^o; ■= « - rcosSw - 6'cosai, 

and a' — 2c siii^oi = a - c — b' cosut; 

also «.'^+ m' = a^ — 9«ccos2(.) + c^cos^2(u -26'cos(o(a — ccos2«)) 

+ 6'*cos'(u + (6'^ 4- 46'ccoS(u + 4c'^ cos^w) sin*a> — 4aesin^«) 
= a' — 2ffic + c" — 96' cosw(a — ecosSw — 2csin^(o) + 6'^ 
= (a - c)^ - 2&'costu (a - c) + 6'^ = (« - c - 6'coS(t>)~+ft'^ sin^ai. 
Now if « > c ; 

(a — c - 6' cositj) — V (a — c - b' costo)^ + 6'^ sin'^w 



6' sin (0 , , , 

; — ■ = 0, when 6=0; 

3 (« - c ~ 6 cos(ij) 
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and when « < c, 

a - c - b' cos (o + (a — c — b' cos lu) 

hence the axis-major is parallel to the axes of .v or at right 
angles to it according as b > or < c. 

When a>c 

. Ilk - ff , „ ^hk-g 

= - \a - (;cos2(u+(a-c)} — — =- 2(n -ccosV) — - — , 

/-. T h.k- s 

i;^ = - («' - y«'^ + m) — ^- 



,; I , ,Jik - g . ^ hk - g 

A' = - -j « - c cos 2 fcH- (c ~ a)i = - 2csm^(u — r-^^ 

7f.-|o-ocos-„-(«-c)i~-^=-2(a-oco.'„)— J— 

(«) When« = c,^ = - Scotw = - 2cot2^; .■.^ = -. 

(/3) When }f < 4ac aad kk - g = 0, A = B = ; which 
is the condition that the equation of the second order may 
be a point, 

(■y) When 6^ is not less than A^ac, and hk — g=0, the 
equation represents two straight lines. 

(S) To determine which sign ought to be used in the 

expression for /* + — . 
M 
,,r , „ ,,, (&-9c'cos(«)tan^ /A&-g'\ 

We have 1/3 - kf = ^^ -__— L 2. 

smw \ b I 

{b-2c cosft.) tan ^ imM - H'\ 
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and V = ^ —— ; 

therefore when m is negative, mM-^^niust be negative, 
otherwise every value of x would make y impossible; hence 
(6-2ccosai)tan^ is negative, since a is supposed positive; and 

{b - 9(;t:oS(w) L + -j = (6 ~^cco5w)ii - I '" ■ ^- -j 

is negative ; bnt 

.-. when m is negative, the negative sign only of \/a'~ + m is 
admissible. 

When m is positive, and a positive, the positive or negative 
sign must be used according as mM-W is positive or negative ; 
but this is tic conlition that the curve may or may not be 
contin o « f i ill i^lues of .i?; for if »!iW> iT^, every value 
of X Hill make tl e q lantity under the radical in the value of y 
positive or / is pos ible for every value of x, and the curve is 
unlimited from = + cotoa!=-co. 

If mM < H , \.\e quantity under the ra.lica! 

,,/».!(» + »)■-?'!, 

and for all values of m between p - h, and — p -/(, y is im- 
possible ; or the curve does not extend indefinitely on both 
sides of the axis of i/. 

15. (1) Ifaf + b.vy + csfl-\-dy + e-x+f=^(a!,p) = Ohe 
the equation to a curve of the second degree; and b'- — 4acr^0, 
in which case the curve represents a parabola ; to transform 
the origin to the vertex, the axes being rectangular. 

Transform the origin to a point «,, /?, in the curve by 
making ,r = x + a,, and y = y + &r, 

.-. ay'^ + bm'y + c.v'^ + d'y + ex = ; 
where (/)(«„ /3,) = 0, (f^ Sa/S, + feai -n^i and e'^?>/3|+2cn| +e. 
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Next let the equation be transformed to polar co-ordinates 
by putting ,t' = p cos 0, y' — p sin Q ; 

.■. (a sill" 6 + b smdcos9 + cos^ 0) p + (d' sin + e' cos Q) = 0, 

or (6sin0 + 2ccos0f ^-{-4c(d'sin0 -ne'cos^) =0; 

■ have 

6^ sec= 3 sin' (0 - 5) ,0 + 4ce' sec^ cos(0 - ^) = 0, 

or sin^(0-^)jO + — °-- cos(9~^) = (l) 

Now the polar equation to a parabola, whose latus rectum 
is 2i, having its axis inclined at an angle ^ to the axis of ic, 
referred to the vertex as the origin, is 

/ sin' (0 - S) = Sip cos id - S), 

or p5in^(fl-^) = 3icos(^ -^); 

hence equation (l) is the equation to a parabola from the 
vertex, whose axis makes an angle (^) with the axis of w, 

e' cos ^ 
and latus rectum 2L = . And <p {ce, y) = is the 

equation to a parabola, the co-ordinates of whose vertex are 
a,, /3| ; having its axis inclined at an angle 5 to the axis of ai, 

and latus rectum = . 

(2) To 6nd a,, /^:, L. 

d' _ 2«/3i + fcoi + d _ 2(,-_ 

.-. 2 (« + c) (6/3i + 2ca0 = - {bd + 2ce), 
or 2 (a H- c) (f>/3, + 2r;a, + e) = 2«e -bd^H, 

and 6)3i -H 2c«i + e = e' = — ; 

2 (<( + c) 
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GEOMETRICAL PKOBLUMS, 



N 



also 


icp («„ 


/?,) - 0, 






400 (, 


s. A) - 


- IKff, + 


(e--! 


■"/); 




H' 


- - 2^-/3, 


+ iV; 




4 


(» + c)' 






H' 


N 


oii- 





' iK sircotc)" 2ir 8(!((i + c)" 

Similarly, 2 (« + c) d' = A', and 

d'^ - ia<^ (a,, 0,) 2//ol + ^/; 

M o// 



(2) 



And L = 



2/7 So(<. + »)- 
e'co.S TTcoi 



and COS 3 and tan ^ may be considered to have the same sign ; 



16. (l) When the axes are oblique, let the origin be 
transferred to a point «,, /3i as before, and the equation 
then reduced to polar co-ovdinates ; 

.-. \a sin= + 6 sin sin (a, - ff) + c sin= {m - W)\ fi 

+ sinio {d'sinO + e'sini,o-9)} = ; 

r 5(a-6cos&) + fcos^tti)sin*0+sinftj{6-2ccos(o)sin0cos0 + csin^wcos^0jji) 

+ sin (o { (rf' - e' cos w) sin + e' sin oj cos } = ; 

hence |ScBin(u cos0 + {!? - %c cos o)) sinflpp 

+ 4c sin w {((f - b'cosw) sin f? + e' sinwcos^j = ; 
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e sm <ti b — '. 

... t^^^ sin^ (e-^)p + 4ce' '—"' cos (0-3) = 0, 
sin^ d ' cos () 

and sin* (6 - S) p + -£^^ cos (9 - ^) = ; 

which is the equation to a parabola whose axis makes an 
angle 3 with the axis of -v, and iatiis vectiim 



(2) To find «,, fi, and /.. 

gcsin'< 



hence 



J h — 2c t;os (o 
9«/3i + fia, +<f ficosw -2c 
6/3i + 2c«i + e 6 - 2c cos 61 ' 
a 2a€ ~ bd 6 cos a> - 2c 



6 fi(6;3i + Sctti + fi) 6 — 2ccos(o' 

ff 2a fecosw-Se 

and —7 = 

he b — So cos 10 

2 a 6 - 2 6^ cos o) 4- 2 6 c 2 {« - 6 cos w + c) 2 a' 



6(fi-2CCOS£0) b-2ccosw 

and e = — -; ; or op, + 2ca, -\- e = ——, . 



is the equation to the axis; 

e' . . . HaiuM . , _f/sin co \/csino 
also L = ~— tan ^ sm a = — - — ;- sin cI = — ;— ;— — — — ^— 
'2c 2ba' Sfiffi y/a' 

since sin^ may always be considered positive; 
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licsin'w {'iae-bd)csia'w (fie - Qod)s, 
hence I. = — —7= — = 7=- ~ 

— Kmi' fti 



4\/c. a'^ 
1 the last case £f'^ = - 2/^/3, + JV", 



or ft. 



S e' N H'H' 




■""iA" 2jr~2i-" 8.r4>i' ' 




/f 2c 4c- 




Kb" N K 




-' 33C'„"-.F g„-„^ («-»»". + "' 


3S (u) 


-^^ (0' - c sin- ,„) . — - — ^ + - ^^,_ - . 


•• W 


. ., , M H //.iii-„ 
siniiiai-ly, «, = — - - —7- -1- — ^,,-- , 


...(5)- 



iV __ 



17. Let b-<iao, and the ci>-ordinates rectangular, to 
find the polar equation from the centre. 

Change the origin to the centre by putting x = x' + h, 
y = y + k -, 

.-. ay' + bx'y' \ c.%^ + <^ (A, k) = 0. 

Again let this equation be transformed to polar co-ordinates 
by putting .v'=pcosd, y'=psmQ; 

.-. (asm^e ■i-hs\aecose + ccoi'e)p" -^-<p{k,k) = 0; ... (I) 

or [«- {(« ^r)cos^'^- h>imB cos e\] pU- (pQhk) ^0; 

and if tan 2^ = ~, we have 

[a -{a- v) sec2^cos0.cos {9 - 2^)\ p" + ^ (h, k)^0-. ...(2) 
but the polar equation to the ellipse, referred to the centre, 
whose axis-major makes an Z ^ with the axis of * is 
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Appracix II. 205 

hence equation (l) may be made to foincidc with this equation 
by putting 

2 ~2E'sm^S 9o 2 - E' a + c 



' E'-SE'sin^S a~c' E' c 
-E" a + c a + 



E' (a-c) sec a S ^\a + c)^ + ra \/«'' ■ 

the negative sign being inadmissible since 



v/«'^ + ml ' Va' + m ' 

'' . ■ 1 ^ 

— — — IS negative and cannot = — - . 



hence -— = i + — .. . -. - . , 
E \/ «'' + m 



E'cp{h,k) _ E'(pik,k) i<p{h,k) 

(a ~ c) sec 2 Z ^a!' + w (a' + a/«'' + m) ' 



_ 2<l,(h,k) , 



(a'-^/a'^m) (5) 



2<p(k,k) , 



(«' + vV^7^) (6) 



\-E' 

L' = fl^d -£0 = - ^^%^* («' - v/^^T^')'... (7). 
When 6^<4ac, « sin^O + 6 sin cos + c cos" 9 

is positive ; or from equation (i), A {A, k) is negative. 
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206 GEOMETRICAL I'ROBLEMM. 

From Art. 9, if e' = ft/3 + 2ca + e ; and (p {a, /3) = 'i' ; 
whatever be «, /3 we have 

e" - 4c4 . m {(/J - ky + j(hk- g)\, 
and when a <= h, ^ = k, e becomes = ; and (i> = <p (h, k) ; 
... - .c^ iK k) = .of (« - g), o, . *(^ = ^ C^) . 

Hence A' ~ - (o' +v/^+i)^^~; («) 

B-.-Ca'-VS^TijCiV-). (9) 

(a - \/«'^ + wi)= /AA; - £-\ 

^'- -- ^is — -[-^) <"" 

In the elhpse ip (A, /c) is negative, and since ~ is positive, 
equation (S) sliews that in tbe ellipse (a — c) sec 9^ is positive ; 
-■. (ffi - c) sec2^ = + -v/a'^ + J7J. 
In the hyperbola equation (3) becomes 

E' _ (^j:f)_sec_2^ ^ _ (a-c)seca^ ^ 

-B' TflhTk) ' *"" B= ~ >p (A, fc) ~ ' 

and since in this case m is positive, 

m /A& - s-\ i¥ - »iA' Mm ~ W 

which when a is positive, will be negative or positive according 
as the curve extends indefinitely on both sides of the axis ot y 

l_-£nin^^ _ " 
A so ~ _ ^~(h,'k) '" 

_ _2^ a+c 
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and if ^(A, k) be positive, (a-c')sec2^ is positive =\/a'^ + m; 

... ±= ■ , -^4_=, .. E- = -P^^^; ... (n) 
E^ Ya^ + m a + \/a^ + m 

or B'. - (V5iT^-«) (^^) ; (11) 



If ^ (/(, k) be negative, (a - e) sec a § is negative = - \/a'^ - 

.'. ^;- = 1 ■■ =;—■■.■. .. , and E~ = —. . ^ — ; 

-E^ \/«'^ + m \/«'^ + W( - ft' 

E'-(p(h,k) _ 2(pih, k ) 



v/»" 


V? 


-«' 


n«H 


= + ») 


2(\/< 


m 


;-a') 



■ £■ - 1 », -f 



<p {h, k) ; (iG) 
0(A, ft); (17) 



A'= iv al-' + m ^ a') [~-^\ (ly) 



18. Let b^ < 4rac, and the co-ordinates inclined at ; 
mgle <u, to 6nd the polar equation from the centre. 
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Change tlie origin as before to the centre, and transform 
the equation to polar co-ordinates, and the resulting equation 
becomes 

+ sin- wi^ (A, ft) = 0; or 
^(a-bcosu>+ccosro>)+h'&mmsindco&6~(a~bcosio-vccos9ai)cwi'd\p" 

+ siii^oi . 1^ (A, k) = 0; 
iience )(a-c sin'&j) + fi'sinoj. sinflcosQ - (ra'-2csin^iw)cos^^5 p^ 

+ sin^ fi>. (j>{h, h) = 0; 
.: \ia'- csin"(o) ~ {«'- Scsin^ui) sec 2^ cose cos (0 - 2^)} p" 
+ sm-w<p(h, /0 = 0; (1) 

by puttine tan 2^ = —, —■ -:- ■■ ; (2) 

and the polar equation to an ellipse from the centre, whose 
axis-major makes an angle (^) with the axis of m, is 

\(l - EUm' S) - £'cos0cos{e- 2^)^ p" = B^ ; 

and equation (]) will coincide with this equation if 

1 -^'sin^S (a -csin^a.) 



(S) 



B' 


lin' 


^o, .()(*, 4)' 


1*" 


(0- - 20 


sin" ») sec 2 J 


■"■1 J), 


sin=„ 


,,|,"(», t) ' 


2-2B' 


A,fi 1. 


^' - scsin^o, 


E' - IE 


■sin-S 


■ ~ acsin^w 


hence ^ 


- £■ 


d 


!0»2S o' 


~ 2csin^w' 


2 




«■ 
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APPi!\i)is II. 209 

Now in the ellipse -^ is positive, and (p (h, k) is negative ; 

.■. («' — 2c sinful) sec 2^ is positive from equation (3); hence 
equation (2) gives 

(a- 2csin'nj)scc2^ = \/(a'- ScsJn^to)" + 6'^sin^aj = v^a'^ + m'; 

2 ___ a'^ 

„. 2 \/ d^ + m 

•■■ £'°" /,.. .■• w 

--E'sin^(o.ri>(A, ft) ssin^o. ,-^ f, , /, ,v 

L- = £.(.- J=') - ^-l<?^r^?ii^'*%l^ , (7) 

2,/.(*,i) (*i-ir) 

and as before, —'- = : ; 

m b 

...^..-(■.• + v/«-^Trf)('Ap^)i (s) 

B'.-i^W7^TlX){^^\. (9) 

i.. 0£^v^5TST/"p^-) 

™ \ b j 

In the hyperbola, equation (3) becomes 
l-jE^sin=^ a ~ csin^ai j ^^ _ ^^' -Scsin^io) secSS 

B^ sin^io^ (A, A:) ' B' sin*(o0 (A, ft) 
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Hence, (a) if <p (A, k) be positive {a - 3c sin^ty) sec 2^ is 
positive ; 

and — =1 + ^^- _ s,.sm^o>) sec &S^ ^ '^ ^"^^m" 
(a -2csin^(u)sec2d "' 



^..J!l^..(y7^ + «,^', 0.) 

...--(^W^^^^^\ (.,„ 

B-. (..-v'^mTS)'^ (») 

(/3) If <p (A, /e) be negative, 

(a - acsin^io) sec 2^ = - \/«'- + »*', 

■£' \/a"' + m' ' %/«" + m' - «' ' 

A^ = ~Y^^~^Wo.'+m-a'y--—-={Va''+m'-a')\--^y (l6) 

. fi'sinw 

Also since tan 26 = -— - ■■ . ■■ - ■ , 

(( - 2cs]n^(u 

we have, 

(1) If b' = 0, tan 2^=0; .-. ^ = 0, or iJO. 

(2) If « = c, tan 2^ = - ^, _ ^'^"2.^ 

(6 - 2ecos!o) sinui ~ lo 

= _ -^ = tan (o, or d = ~ . 

ScCOs'fd - ftcosiu 2 
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(3) If «■ - Scsm^bi = 0, or a -/»cos«' + Rt:os2(u = 0, 

tan 2^ = CO , and S = 45. 

(4) If o' - c sin'iu = 0, or a-h cosw + c CQs\> = 0, 

1 — E'sm'S , 
= ; .•. E = cosec d- 

(5) To deduce the latus rectum, and co-ordinates of the 
vertex of the parabola by making m vanish. 

The co-ordinates of the extremities of the axis-major, are 



v'^'"°:t-^'.ft=^-N/^ 



sin^w ' ' " sin^w 




hk-g H^ -mM K'~mN 
b 9am^ 2ctn' ' 




and when m' becomes very small, 




(«' - s/a-'T^y m' J 




m 8 «'■' ' ■' ' 




Sa'' '^cm' l(5c«'= 


. 


if sin'' (0 / mN\ 


■■ (A) 


and when m vanishes L = ± ^^=^ 


.. (B) 
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OKOMETRICAL 



Vi?TS i"'*^-) 



^ K /( , m'\ jK^-niN\o i m, , 1 

'^' m ^ \ 2a J \ 2cm' }a\ laV '] 

K ,'K'' \ mN m m~, \ J 

K /.'( mN m '" ,1 

m m \ 2K^ Sa" Srt-e ] 

Similarly, ai = ^— - -^-^- ip -bcosw + aco&^u)). ... (D) 
When the two axes are tangents to the curve, M — 0, 

N = 0; and -— ^ = - --— — = - ; 

h \ 2«.m J \ 2cm J 

hk — g A'^ k^ 



values of A, JS, i. 

19. To determine tlie position of the axis, the co-ordi- 
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Al'PENDIX II. 213 

iiateK of the vertex and the latus rectum of the parabola whose 
equation is 

ay' - bwy + ex' — dy - eiv + f = <p (x, y) = % 

where b'='iav; d' = iaf, and e' = *cf ; 

the co-ordinate axes being inclined to each other at a given 
angle a>. 

Change the origin to a point a, /3 in the curve; and trans- 
form the equation to polar co-ordinates ; 

-■, \a siKf9 - 6 sin sin (w - 6) + csin* {ta - 0)] p 

+ sin ui {d' sin 9 + e' sin («) — ^) j = ; 

where d' = Safi - ha - d; e = ~ bfi + 2ca - e ; 

and ^ (a, ^) = ; 

or \(a + bcosw + c cos^w) sin^fl - sin to (h + Sccasw) sinffeosfl 

+ csixi^ locks'- 6] p 4-9in(u \(d ~ e'cosw) sin0n-e'sinujcos0| =0; 

and since 6^ = 4«c, {(& + 2 c cos to) sin0 - 2c sin lu cos6\^ p 

+ 4c sin o) {(d' - e'cosio) sin 9 + e sin b. cos^} = 0. 



Let J—. = ~— = tan <> ; 

e sm to + 2c cosfu 

4c^sin^<u , , ice'sm^o) .. .. 

.-. —r'yT^sm'{9-S)p+- ^— ,cos(0-S) = 1); 

sm" d ' cos () 

which is the equation to a parabola whose axis makes j 
angle S with the axis of w, and iatus rectum 



ecosS b + 2ccos(t> 

d' 2al3 - b(i ~d 2c sin' oi 



b' 2c« — ft/3 — e h + ^ccosw h + Sccosw 

therefore by reduction 
2(«-|-6cos<o-(-c){6/3- 2f« -l-e) = rf6 + 2ffle + (_2ed + he)cosu 
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but db 


= 2ae, and 2cd = be; 


~2(a-i-bcosw +c)e'= 2d(b + 2ccos<«); 


hence 


„i 2<i™„,i„S 


■^ a + tcosw + c' 


and s 


\/c sin w 




d \/c siif w 




(a + &cos«. + c)S 



0) 



The axes of ai and y are both tangents to the parabola ; 
and if iii, 6, be the distances from the origin at which the 
curve meets the axes. 





-V? 


-. = i^ 


= ^/{^ 








"; = "■■ 


^^ = ^ 


6 2S, 








^^^-" 




.s.'-i™-. 






(■ 


b 

I + - cos w + - 


:)' f^ 


?'""+£' 


)T 








. 


2a,'S,'=in'« 


_ 


■ m 



Hence if AB, AC (fig. l65) be two tangents to a parabola 
meeting in A, and CB be bisected in D, since 
i^ADf = a,^ + 2a, b, costu + b,', 
_^2^B^^C"^sin'w_ [AABCf 

The equation to the curve may be put under the form 
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(^/^4)= 



O) 



And if (u = yo, tho latus rectum = — ■ , ' ' ■ - . (7) 

20. To find «, /3 the co-ordinates of the vertex. 
d"'-'la^{a, ji) = (2bdi-4.ae)a; or d'^ = ibda; 
e"' - 'tcip (a, /3) = (26e +4ct;)/3; -•. e" ^ ibej3; 
and - (« + 6 cos (0 + c) e' = (6 + 2 c cos to) d ; 
~ (« + hcosw + fi)d'= (ficosto + 2c)rf; 

- I J- - ms (.1 I 

(^ {bcosw + icy 



46 (a + 6coS<u + e)'* i/ 6 


""-If 


«,V(6, + «,cos.r 


;. (S) 


(ffli* + 2«3 6, CO8W + b,y 


Siinilari- fl &l«,' K + &, c<>s »)' 


• (.) 


■ '■^ (ai^Sftifi, cos(o + &i^)= 


(Oif|; = ».. .i.»§^.»(^i£^)' 


i hence i 


constant, — is constant; and if parabolas 


be drawn t 



two given lines AB, AC so that the chord of contact BC is 
always parallel to a given line, the locus of the vertices of the 
parabolas is a straight line passing through A. 

21. To find «,, /3i the co-ordinates of the focus. 

/. sin ib!-^) d v/aTsin' w 

"' '^ " 2 sin to ~ 9 (« -H ft cos ui-t- cf ' 
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4-cd(a + bcoHo} + c) a 

46 (a + & cos w + cY b{a + bc 



hence a^=- - ' ' ■ ■■— ^ (^* 

«,''+ 2c[i6[ COSa> + O, 

.„dft = ^„..f ;-!=».; 21 = ™, (., 

hence if a series of parabolas be drawn to touch two given 
straight lines so that the chord of contact may be always 
parallel to a given line, the locus of the foci is a straight line 
passing through A. 

22. If S C%. 165) be the focus, and JS = p„ bisect BC 
in D, 

then ^i'' = «,^ + 2ui^iC03(o+ ii{'- 

tf| + Sa^Oi cos u) + o," 

hence 4^*'^ = -^^-^jj^ or 2.^5'. 7(I> - Jfi . JC; ...(5) 

and if SE, SF be drawn parallel to AC, AB respectively ; 
AS' = AE .AB = AF.JC and a circle may be described 
round the points S, £, J^', C (6) 

23, When a parabola slides between two straight lines 
inclined at a given angle ai, to find the locus of the focus. 

9Bi-A,'sin-«i S^i^sin^o, Sa^fi, sin-to 
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is the equation required. 

24. When a parabola slides between two straight lines 
inclined at a given angle (u, to find the locus of the vertex. 

Let cc, y be the co-ordinates of the vertex in any position ; 
«, 6,^ (6, -+■ a, cos w)'- _ 6iV(gi+6,cos^)^ _ 



where r/ := ((i"^ + Soid, cos w + &i^ ; and if - 
(m + COB wY 



L Ssin'^ft) (1 +2mcoso 


j+«i 


or 


y (1 + mcostt 


0' 




i 2sin'£o»J\/l +2m. 


™„ 


+ m- 


3a? (m + coso))^ 


r 




M V'l +2mcosw + m 




., a-"")" 







V f- +COSO.J 4 



hence m + cosio = Va (^ + -V^ + sinV) ; 
\a^ a a" j 
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25. To find the equation to a conic section passing 
through five given points J, B, C, i>, E. 

Produce BA, CD (fig. l66) to meet in ; and let OAB, 
ODC be the co-ordinate axes ; OA = a, 01) = b, OB = a', 
OC = b'; then the equation to the conic section is 

/it? H ^ fa; y \ 

and in order that this may pass through the point E wiiose 
co-ordinates are a", b", we have 

,, „ /a" b" \ I a" b" \ 

is the equation required. 

Cor, Hence may be found the equation to the parabola 
which passes through four fixed points. 

The general equation to the conic section is 



r Ay' + B ,vy + Cx" + D 1/ + E X + 1=0; and if \ he assumed 
) that B- - iAC, we have 



aa ^/aa'bh' fib' \a 
which is the equation required. 
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Also the equation to a line through the origin parallel to 
26' 
the axis of the parabola is ?/ 4- ~ ^ = 0, (Art. 1 1 , Equation (i). 

Therefore the line p = ^ \' — -, ^v is the equation to a 

line through the origin parallel to the diameters of the two 
parabolas. 

26. To find the locus of the centres of all the curves of 
the second order which pass through four given points. 

The equation to the conic section is 

--(M-)(M--)-^ 

and if h, k be the co-ordinates of the centre, the equation from 
the centre becomes 



x(»'..)(,-..).i;.i.(^?-.)|g.|;.(i.|- 



'* ' 






ik h\ j k k \ Ik h\ Ik k \ 



bb aa \b b / \a a J 

which is the equation to a conic section, the co-ordinates of 
whose centre are , -— — . 
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- , the equation becomes a straight line 



h + b' 
Jb' " ^ 



(/3) 



37. If !( - 0, w = 0, <u = be the equations to three 
straight lines, then \/m + \^av + \//3«> = will be the equa- 
tion to a conic section which touches the three straight lines, 
where a and j3 are arbitrary constants. 



Since 


\/m 


+ v/« 


; + v/5i 


= 0, 








«-„ 


.+0»- 


2v/53\A^ 


j; 






■. («- 


a» - /3« 


0'-*c.;3.», 


or 


«• 


+ a'«' 


+ /3-<. 


■-2a»» 


-2/3z(w-2 


a/3. 



= 0; 

and when « = 0, a^v^ +/3^(o^ - 2aj3))(i> = ; or aw - /3(o = 0; 
therefore the straight line m = will meet the conic section in 
the straight line whose equation is hv — /3(o = 0; or in one 
point only ; hence m = touches the conic section. 

Similarly the straight lines « = 0, lu = will touch the 
conic section. 

28. If ^s = 0, w = 0, tt) = be the equations to the three 
lines BC, AC, AB (fig. 196), which touch a conic section in 
the points a, b, c respectively ; since av - jiw = is the equa- 
tion to a straight line passing through A the intersection of 
i; = 0, (0 = 0, and also through the point of contact with m = 0, 
it is the equation tn Aa. 

Similarly the equations to Bb, Cc are u — j3w ~ 0, 
u — a« = 0; and at the point of intersection of Bb, Cc, 
(u - /3«>) - (« - av) = 0, or aw - /3(u = 0, which is a point 
in Aa; therefore Aa, Bh, Cc meet in the same point. 
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29- To find the condition that the straight line whose 
equation is w + Av + Boi = 0, may touch the conic section 
whose equation is v w + \/av + \//3(u = 0. 

We liavc u = av + /3(ii + 2\/o^\/f(o; hence at the points 
of intersection with the line u + Av + Bw = 0, 

{J + a)li + {fi + /3)to + a\/^\/l^ = 0; (2) 

this will in general, when combined with ii + Av + Bio <= 0, 
give two values of a;, and intersect the cuvve in two points; 
but when equation (2) is a complete square, 

V(^ + a)w + V(ST^= 0, or (_J + a)v = (fi + /3)(o; 

therefore a? is determined by a simple equation and has only 
one value ; in which case equation (l) becomes that of a 

tangent. Hence (A + a) (B + 0) = a(i; -^" " ' - ■ - - -^ 



B 



which is the condition required*. 



30. To find the condition that -+^-1=0 may be the 
equation to a tangent to the curve 

ay" + bxy + c,** -i- dy + e,v + f = 
referred to two tangents as axes, 

or ia(i'-bali+ca')('^) -(2a^^-6a/3+d/3-ea)-+a/3Hrf/3+/=0; (1) 



and in order that - + --1 = may be a tangent, - must 
only have one value ; and equation (l) must be a square ; 
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or (fc'^ - 4«c)a*/:}'~ Q(Qae- bd)afi^ ~2{2cd- be)a''fi 

+ 2(2&/- de)afi + ((f - 4a/) /5= + (e^ - 4c/)a' = ; 
and when the axes of x and p are tangents (P — iaf^ 0, 

.-. «/i{ -2A/3 -S/ca + 2^= 0, (2) 

which is the condition required. 

When 6" - iac = 0, we have ff/5 + JTa - G = 0. ... (3) 
But J//3 + Ka - G =0 is the equation to the chord of 
contact BC (Art. 6l) ; hence if from any point D in the chord 
of contact of a parabola, (fig. 167) DE, DF be drawn parallel 
to the tangents to meet them in E, F ; EF will be a tangent 
to the parabola. 

31. If a conic section touches four given straight lines, 
viz. the axes of a;, y^ and the two straight lines - + ——1=0, 

— + ^ — 1=0; to find the iocus of the centte. 

Prom equation (3) we have 

a/3 - 2A/3 ~ 9.ka + 2^ = ; 

a'/3'- 2A/3' - 9.ka + 2^- = ; 

... («'/3'-«,3)~2(/3'-/3)A- 2(a'-«)A; = 0; (4) 

which gives a relation between A and h, and is evidently that 

of a straight line passing through the points -, — ; — , — ; 

or the straight line joining the middle points of the diagonals 
of the quadrilateral figure formed by the intersection of the 
four straight lines. 

(a) Hence if a conic section touches five lines a, ^, -y, ^, e, 
let any four of them, as «, /3, 7, t form a quadrilateral figure 9', ; 
the centre will be in the line t^ joining the middle points of the 
diagonals of 9, ; similarly, let e and any three of the others, as 
a, /3, 7 form a quadrilateral figure ^j ; the centre will be in 
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tile line ^ joining the middle points of the diagonals of q^ ; 
therefore the intersection of ^i, 4 ^^'H be the centre of the 
conic section. 

32. From Art. 11. If .«, y be the co-ordinates of the 
focus of a parabola, 

Km + Hy - G ^ - 'iKy cos w ; and Hx = Ky ; 

and Ktt + Rji -(5 = 0, (Ecjiiation S, Art. 30) ; 

.: K(x - a) + H(y - j3) = -sKycosw, 

or - (^ — a) + y ~ 8 - — ^f cos w ; 

y 

.: a)' + Qcosw,vy +y- -aa!-(iy = 0, (s) 

which is the equation to a circle. Hence the locus of the foci 
of all parabolas which touch three given straight lines is a 
circle passing through their points of intersection. 

33. (ft) From equation (2) it appears that if any tangent 
EF (fig. 167) be drawn between two given tangents AB, AC 
to a curve of the second order which has a centre, and the 
parallelogram AEDF bo completed, the locus of D will 
be a hyperbola whose asymptotes are parallel to AB, AC. 

Prom equation (S) it appears that if the curve ho a para- 
bola, the locus of D will be a straight line, viz. the line joining 
the points of contact of the two tangents AB, AC. 

(S) Since - , ^ are the co-ordinates of Q the middle 

point of EF, when the curve has a centre, the locus of Q is 
a hyperbola; but when the curve is a parabola, the locus of Q 
is a straight tine. 

34. To find the equation to a conic section which shall 
touch five given straight lines. 

Let two of the straight lines be taken for the co-ordinate 
axes, and let 
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or u = 0, u = 0, u" = be the equations to the three remain- 
ing straight lines; then the equation to the conic section is 
\/u + \/aii + \/^u" = ; where a and /3 are constants to be 
determined. 

let -+-; + -r, = ?>-' 7 + 7^ + 775 = »! i -{- A + B = 0; 
a a a bob 

I ] 11 

. , ^ ~ ^' ^ " * 
.-. u + Jii + Bzi = \a.; and A = ~ ; B = ; 

II 11 

U^" h' ¥'~b' 



Similarly, if A' = , B' = — —-' , 

a" a a" a' 

u +J'u' + B' u" = \'y; 
and when the axes of at and y are tangents, (Art. 29) 
a /3 a fi 



G-^) ^^ (^-a 



\h b"j \b' bl 
and if a = a' 



71 Ki'rl- 
o.(«-P)(i-^) + 0'-P)(}-5)-°. 
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.-. <i' - P = 0, /3' - P . 0, or o' - P, /3' - P, 



-Vf-^)(M>)(M-) 

is the equation required. 

35. Find the equation to the conic section which passes 
through a given point, and touches four given straight lines. 

Let two of the given straight lines be taken for the co- 
ordinate axes ; and let - + - - 1 = 0, -;+-,- 1 = 0, be the 
a b ah 

equations to the two remaining straight lines ; and a", b" the 
co-ordinates of the given point ; then the equation to the conic 
section is 

'^l "*■ I - ^ + ^"^ + "^^y = "' (') 

and % + t-i= f'^ I - 1^ + Ax + By ; 
hence "l + » + ^ = ^ ; (Art. 29). 
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and \/a«" + \//3t"+ V — + —-1=0; 

from which equations a and /3 are determined, and these 
values when substituted in equation (l) will give the equation 
required. 

There will in general be two conic sections corresponding 

to the two values of « and /3 ; but when 1 l =■ 0, or 

the point «", b" is in one of the given straight lines, «, /3 have 
only one value respectively. 

36. Find the equation to the conic section which passes 
through two points, and touches three given straight lines. 



■ ^'^ + !-i+\/"*'+V/3?/=o, 



(1) 



be the equation to the conic section; and «', b' ; «", b" the 
co-ordinates of the given points; then 



V -+ y-1 +\/«w' + \//36' = 0; 



V — + -r- - 1 + \/a a" + \^/ib" = ; 

from which «, /3 may be determined; and equation (l) is the 
equation required. 

36.* Find the equation to a conic section which passes 
through three points and touches two given straight lines. 

Let the two given straight lines be taken for the co- 
ordinate axes, then if ■--(-— — 1 = 0, be the equation to the 
chord of contact of the two tangents, the equation to the conic 
section is | — >" 75 " + 'K'st/ = 0, where a, /3, X are to he 
determined. If a, 6 ; a, b' ; a'\ b" ; he the given points, 
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from which equations - , ant] -j may be determined, and the 



■ x/ah" - x/d% ' 
equation to the conic section J 



fx y 



From equation (l) it appears that when a conic section passes 
through two given points, and touches two given lines AB, AC; 
then if BC be a chord of contact, and the parallelogram ABPC, 
(fig, 167) be completed, the locus of i* is a hyperbola; unless 

ab = a'b'; in which case ^= s/ —, a and the locus is a 

straight line passing through the origin. 

The locus of the middle point of the chord of contact BC 
is a hyperbola, 

37. Find the equation to a conic section which shall pass 
through four given points, and touch a given straight line. 

Let the given straight line be taken for the axis of x ; and 
let the equations to the four lines joining the given points be 



[- - - 1 = M = : -. + -, - 1 = w' = 0, &c. ; 
b a b 



then the equation to the conic section is 

uu" + Xu'u'" ~ ^ Ay^ + Basy -i- Ctv" + Dy -h EX+ F; 
and since the axis of a; is a tangent, E^ = i' CF, 
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...(i,_i,yx.+2(^,H-^-i.,+;ir,+^,-;_^,-;^)x+Q4)".o, 

= -v/(i-i)(i,-^)e-^)(i-^,) 
whicli determines two values of A. 

Since XX' = - — — ; there are evidently two curves 

. ^-^ .... 

whose equations are m m" + \ u' u"= ; 

, ., (^^r ,„. 

and ttu + - — — — — -J" -^ ^ = 0- 



37. (a) To find the points of contact, when a conic 
section passes through four given points, and touches a given 
line. 

Let the four lines joining the given points meet tile 
tangent in P,, P^, Fs, P4 respectively (fig. 188); and let A 
be the required point of contact ; then (Art. 54.) if A be sup- 
posed for convenience to the left of Pj, 
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AP^ AP; AP.J: AP, 



JP, JP^ AP, APs 

, r,p, p,p, 

^"^'^ iKripr ap;:ap: 

or if AP, = X, P^P., = «i, P,P, = da, P^P, = 



v{x + «,) {so + Os) {so + a,) ' 



a^ 4- «4 - ([3 (as + a4 - Oj) 

from which the two positions of A may easily be determined 
by a geometrical coustruction ; and the problem is reduced to 
that of the determination of two conic sections each of which 
passes through five given points. 

If X be negative, A will be to the right of P,. 

37. (/3) Having given two tangents to a parabola and 
the direction of the axis, find the focus and vertex. 

Let PT, QT (fig. 210) be the two tangents, PM the 
direction of the axis; draw QN parallel to PM, and make 
ZSPT= aTPM, and £ TQS = iTQN; then PS, QS 
will intersect in S the focus of tlie parabola. 

Draw SY, SZ perpendicular to TP, 7'Q respectively ; 
then Y and T are points in the tangent at the vertex; join 
YZ and draw SV perpendicular to YZ ; V will be the vertex 
required. 

37. (7) To describe the two parabolas which pass 
through four given points. 

Let A, B, C, D (fig. 211) be the four given points, pro- 
duce AD, BC to meet in G', and BA, CD to meet in F ; join 
BD, AC; then a pair of tangents drawn from A and D in- 
tersect in FE ; (Art. 62) ; and Art. 25. Cor. 1. j/ = ± \/ — ; a; 
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is the equation to the two lines parallel to the diameters of 
the two pavaholas; hence if FK= FK' be a mean proportional 
between FA and FB, and FL a mean proportional between 
FD and FC, the axes of the two parabolas will be parallel to 
KL, and K'L; bisect .^Z* ia G; draw GH parallel to K'L 
meeting EF in H ; then HD, HA are tangents, and if GH 
be bisected in P, P will be a point in the parabola ; and since 
the tangents HD, HA at the points D, A, and K'L the direc- 
tion of the axis of the parabola is known, the focus and vertex 
may be determined SI (y3). 

Similarly the parabola may be described whose axis is 
parallel to LK. 

37. (5) To describe a parabola touching four given 
straight lines. 

Let AB, SO, CD, DA (fig. 212) be the four given straight 
lines; produce BA, CD to meet in E; and AD, BC to meet 
in F; about EAD, FCD describe two circles; these will 
intersect each other in S the focus of the parabola (Art. 32) ; 
from S draw two perpendiculars SV, SZ on FA, ED re- 
spectively ; then YZ will be a tangent at the vertex ; and if 
SV be drawn perpendicular to YZ, V will be the vertex 
required. 

38. Let y + mjte + Ci = 0, y + m.^m -(- 1;^ = o, 

y + m^x + Cg = 0, ^ + miX -^€^=0 
be the equations to four sides of a quadrilateral figure in- 
scribed in a conic section whose equation is 

then the equation to the conic section may be put under the 
form 

(j/+mj^-HcJ(i/ + m3.t! + C3)+X(ff+maa7+Cj)(y+»»ia?+cO = 0; (A) 

or (1 4- X) ff* + {(wii + Wa) + X (nia + w»,) J wff 

+ {mjTth + XmjWij) w" + {c, -i- C3 -I- \ (Cg + c,)} p 

+ {mjCs + TOsCi + X (nisCj -I- m,Cs)] ^ + Cj(^ -i- \CaC4 = ; 
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and in order that this may coincide with the given equation 
to the curve, we must have the five following relations: 

a {(m, + m,) + X (m, + m,)\ = ft (I + X) ; (l) 

»(m,m3 -^Xm^m^ == c (l + X) ; (2) 

a }ci +C3 + X(e3 + c^)\ = d(l + X) ; (S) 

a {c^m.,, -^ Cs-niy + X(eam, + c^ikj)} = c (1 + X) ; (4) 

(((CiCa + Xc^c,) =/(l+\). (5) 

Equation {A) equally represents the equation to the conic 
section when 

y + tn^te + c^ = 0, j/ + mfX + e^ = 0, 

are the equations to the diagonals of the quadrilateral. 

39. If any three of the quantities »»,, ^2, m^, m, be 
given, the fourth may be determined by equations (1), (2) ; 
hence if three sides of a quadrilateral figure inscribed in a 
conic section be parallel to three fixed lines, the fourth side 
will also be parallel to a fixed line. 

40. In a conic section inscribe a quadrilateral figure, 
such that one of its sides may pass through a fixed point, and 
its three remaining sides he parallel to three fixed lines. 

Let P (fig. 168) be the fixed point; draw any line JB 
parallel to the first side, and BC, CD respectively parallel to 
the second and third sides; then the remaining side JO^ of 
the quadrilateral figure will always be parallel to a fixed line. 
Hence, through P draw PD'J' parallel to DA, and A'B', B'C' 
parallel to JB, BC ; the remaining CD' will be parallel to 
CD, and A'B'C'D' will be the figure required. 

41. In a conic section inscribe a triangle similar and 
similarly situated to a given triangle. 

Describe as before a quadrilateral figure whose sides AB, 
BC, CD (fig. 169) shall be parallel to the three sides of the 
triangle ; join DA ; then DA is parallel to a fixed line 1 draw 
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any other line A'D' parallel to AD, and bisect JD, A'D' by 
the straight line aa' ; draw ab, he parallel to AB, BC ; then 
ac will be parallel to CD; for abc may be considered as a 
quadrilateral figure whose evanescent side at a coincides with 
the tangent at a; and since the tangent at a, ab, be are 
parallel to DA, AB, BC, the fourth side ac will be parallel 
to CD. 

42. If ABCDEF (fig. 170) be a hexagon inscribed in 
a conic section, draw the diagonal AD, and let DE, EF be 
parallel to AB, BC respectively ; then ABCD, DEFA are 
two quadrilateral figures, having three of their sides DA, AB, 
BC, and AD, DE, EF parallel to the same three lines re- 
spectively ; hence the remaining sides AF, CD will be parallel 
to a fixed line ; and therefore to one another. 

43. If three of the quantities Cj, c^, Cj, c^ be given, the 
fourth may be determined by equations (3), (5) ; hence if 
three sides of a quadrilateral figure inscribed in a conic section 
pass through three fixed points in the axis of y, the fourth 
side will pass through a fixed point in the axis of y ; and the 
axis of y may be taken in any direction ; hence if three sides 
of a quadrilateral inscribed in a conic section pass through 
three fixed points in a straight line, the fourth side will pass 
through a fixed point in the same straight line. 

44. If Ml + m^ = — ; equation (l) gives m-^ + m^ — - i 

and when i = 0, the axis of a; is parallel to one of the axes of 
the conic section ; hence if m, = — wij, ^4 = — ffJa ; or if two 
opposite sides of a quadrilateral inscribed in a conic section be 
equally inclined to the axis, the two remaining sides will be 
equally inclined to the axis. 

In the same manner it appears that the diagonals will be 
equally inclined to the axis. 

45. Let two conjugate diameters CB, CD (fig. 171) be 
taken for the axes of x and y respectively, then A = 0, and if 
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pq be any cliord parallel to CD, and y = m^w, y = m^.^ be the 
equations to Cp, Cq respectively ; since pg is bisected by CP, 
CT3 = — *»i ; hence Wj = — m.^\ and if Cp', C§' be drawn 
through C parallel to the second and fourth sides, "pq will be 
bisected by CP, and therefore parallel to CD. 

Hence if three sides taken in order of a quadrilateral in- 
scribed in a conic section be parallel to Cp, Cp', Cq drawn 
from the centre C, join p q, and draw p'q' parallel to pq; then 
the fourth side will be parallel to Cq'. 

This will be equally true if the diagonals of the quadri- 
lateral be taken instead of the second and fourth sides. 

46. When the first and third sides coincide with JB, 
which is parallel to CP, then the points p, q coincide in P, 
and CP bisects the evanescent chord joining them ; and the 
remaining sides of the quadrilateral will be in the directions of 
the tangents at A and B. 

Draw Cp' parallel to the tangent at A, and pq' an ordinate 
to CP; then Cq' will be parallel to the remaining side of the 
quadrilateral or to the tangent at B. 

Hence it appears that if Cp', Cq' be conjugate to CA, CB 
respectively; AB, p'q' will be parallel to a pair of conjugate 
diameters. 

47. If the first and third sides coincide with AB, (flg. 172) 
the second and fourth sides will be in the directions of the 

tangents at A and B, and M m, <= m-i =■ — ; m^-i- m, will be 

constant for all chords parallel to AB % but if PP' be drawn 
through C parallel to AB, since the tangents at P and P' are 

parallel, mg = jMj, and »ia + 7«4 cannot = - unless the tangent 

at P is perpendicular to the axis of co ; and CT is parallel to 
the tangent at P; hence m-i -v m^ = cot AT C — coi BT'C is 
constant for all chords parallel to AB. 

48. If the origin be changed to any point in the conic 
section, a, h, c remain unchanged, and f= ; hence if »Ki, m.j, 
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m^ be given ; m^ and X will be known from equations (l), i 
and -i-^= - \ from the equation (5); but if »,, Pa, Ps, V 

the perpendiculars from the origin upon the four sides 
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Wi,^' 




^/l 


+ OTs^ 


piPt 


,v/(i 


+ 
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Hence if perpendiculars be drawn from any point of a 
conic section upon the four sides of a quadrilateral inscribed 
in the conic section, pip-j will bear an invariable ratio to p^p,. 
(Senate-House Problems, Thursday, Jan. 7, 1847, I ••. 4- 
Quest. 14.) 

The same will also be manifestly true of any quadrilateral, 
three of whose sides are parallel to three iixed lines. 

- ; and when rf = 0, the 

origin is the middle point of the chord which is the axis of?/; 
and if Cs = - c^, Cj = - Cg. 

Hence, (l) if A (fig. 173) be the middle point of a chord 
of a conic section, and PQ, RS meet the chord in two points 
B, b equidistant from A ; the two remaining sides RQ, PS 
will meet the chord in two points C, c equidistant from A. 

In the same manner it may be shewn that PE, QS meet 
the chord in two points equidistant from A. 

(S) If PQ, SR be any two chords passing through A 
the middle point of BD; (iig. 174.) RQ, SP will meet the 
chord BD in two points C, c equidistant from A. 

Similarly QS, PR will meet BD in two points C', c equi- 
distant from A. 
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(3) If PQ, SR pass tlu-ough A and become coincident, 
SP, QR become the tangents at P and Q ; hence if A be the 
middle point of a chord, the tangents at the extremities of any 
chord PQ passing through A will meet the first chord in two 
points eijuidistant from A. 

(4) If the points B, D (fig. 175) be made to coincide, 
the line CBAc will become a tangent at A; and if PQ, SR 
meet the tangent in two points E, e equidistant from A; PS, 
RQ will meet the tangent in two points C, c equidistant from 
A ; and also PR, QS will meet the tangent in two points 
Cf, c equidistant from A. 

(5) If the points Q and E (fig. 176) coincide, then QR 
becomes a tangent at Q; and if PQ, QS meet the chord or 
tangent CAc in two points E, e equidistant from A, SP and 
the tangent at Q will meet the chord or tangent in two points 
G, C equidistant from A. 

SO. (1) lic,c.,=^-, then c,o,=-^; and if A be the 

f 
origin, and ABC (fig. 177) the axis of y, AB.JC = ; hence 

if the first and third sides PQ, RS of a quadrilateral figure 
inscribed in a conic section cut a straight line ABC in two 
points -E, /^ such that AE . AF = AB . AC ; then the second 
and fourth sides SP, QR will cut ABC in two points G, H 
such that 

AG.AR = AB.AC. 

Similarly if the diagonals SQ, PR meet the line ABC in 
Cff; AG' . AH' ^ AB . AC. 

(2) If the points E, F coincide in (fig. 178) so that 
AB.AC= A0\ and PQ, SR be drawn through in any 
direction, then PS, QR will meet ABC in two points G, H 
such that AG . AH = A0\ 

(R) If RS be made to coincide with PQ (fig. 179), then 
PS, QR become tangents at P and Q, and wili intersect ABC 
in two points G, H such that AG . AH = AO^ is constant for 
all chords drawn through 0. 
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(4) If ci = 0, then Ci= -x i the first side QP (fig. 180) 
passes through the origin J, and the third side KS is parallel 
to ABC ; hence if PS, QR meet ABC in G and H, 

AG.AH=AB.AC 

for all positions of PQ,, QR. 

(5) If Pand Q coincide, then AP (fig. 181) becomes a 
tangent meeting a chord ABC in A: PR is any line; RS 
parallel to ABC ; then AG . AH is constant for all positions of 
PR. 

51. If rf = 0, the origin is the middle point of a chord ; 
f 
and if c^t\= - '^ , then c, -f c^ +X(ca + c^) =0; 

CiCs + \c.^c^ = - (.•iC2(l + X) ; or ei(cj + c^ + Ac2(ci +Cj) = ; 

.-. Ci (Cij + c,) - c, (Ci + Cj) f ^^^ — -^^ j = ; 

hence c^ (e^ + Cj) (c^ + cj = c^{Ci,-^c.^{cy + c^. 



hence if ^ be tlie middle of the chord BD (fig. 182), and PQ, 
QR meet AB in C, C such that AC . AC = ^S= ; then i^A; 
Pi" will meet AB in c, c such that ^c . -Ac' = AB\ 

(2) If C| = 0, or the first chord PQ passes through A, 
(fig. 183) Ci = OS, and QR is parallel to ^B ; hence if RS, SP 
meet AB in c, c' ; Ao.Ac' = AB'' for all positions of SP, 
PQ. 

(3) If PQ be a diametei' passing through A (fig. JS4) ; 
the points Q, R coincide ; and if PS, QS be lines drawn to 
any point S of the curve, from the extremities of a diameter 
PQ, meeting an ordinate to PQ in c, c ; then Ac . Ac = AB^ 
and is invariable for every position of S. 
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52. From equations (1) and (2). 

If -J-J: — ^ = _ ; then — = - ; but if m^ = 0, m^ = 0, 

or the first and third lines are parallel to the axis of a?, then 

— + — = - ; hence if PQ, RS be two parallel chords ; (fig. 

186) the sum of the cotangents of the angles which PS, QR, 
or PR, QS make with PQ in the same direction is constant. 

(2) If PQ, RS coincide, PS, QR become tangents, or 
the sum of the cotangents of the angles which a pair of 
tangents at the extremities of any chord parallel fo a fixed line 
makes with that line in the same direction is constant. 



= -.; and since 



(za-' 



then — H — is constant ; and will be the same whether we 

Cg C4, 

take the second and fourth sides or the diagonals of the quad- 
rilateral. 

(2) If c, = 0, then Cj = 0, and the first and third chords 
PQ, RS (fig. 186) pass through the origin J; therefore PS, 

QH meet JBC in two points E, D such that ---^ + ——, is 
' AD AE 

constant. 

(3) If PQ, RS coincide, (fig. 18?) PS, QR become 
tangents, and the tangents at the extremities of any chord PQ 
passing through a fixed point A will meet a given line ABC in 

two points T, T", such that - - -■ + — — , is invariable. 
y AT AT 

54, If d = 0, and / = ; the axis of y becomes a tangent 
to the curve, and from equations (3) and (5) — + — = — -1- — ; 
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hence if the four sides of a quadrilateral inscribed in a conic 

section meet a tangent at .A (fig. 188) in the points P,, P^, 

Pj , Pi respectively, and the direction AP^ be considered positive, 

1 1 1 

Zp, "^ Ir, ~ Tp, ' 

gent in Q^, Q^, 

1 1 1 I 1 1 

JP,~ APs^ AP, ' JP^ " AQ^, " AQ,' 

55. If c and / = 0, the equation to the conic section 
becomes ajf + bwy + dy + eai = ; which is that of a hyper- 
oola having one of its asymptotes parallel to the axis of « ; and 

— . — £= — . — ; or if A be the origin in the curve; and the 
nil Wis ^s W4 

four sides of a quadrilateral figure meet a line passing through 
A and parallel to one of the asymptotes in P,, Pj, Pg, Pj ; 
then AP, . AP3 = AP^ . AP, ; and if the diagonals of the 
quadrilateral meet the same line in Q^, Q4 ; 
Aq.,.AQ, = AP.,.APi. 

06. If a = 0, then A = ~ i) and the curve is a hyperbola 
having the axis of y parallel to one of the asymptotes ; and 
if a, and c = 0, mitn-^ — mam^ = ; in this case the axes are 
parallel to the two asymptotes. 

Hence if a quadrilateral figure be inscribed in a rect- 
angular hyperbola, the product of the tangents of the angles 
which the first and third sides make with either of its asymp- 
totes, is equal to the product of the tangents of the angles 
made by the remaining sides with the same asymptote. 

5'J. If a and d = 0, the axis of y becomes one of the 
asymptotes, and c, + 0^ = Cj + Cti hence if four sides of a 
quadrilateral figure inscribed in a hyperbola meet one of its 
asymptotes in the points Pj, Pj, P3, P4 ; 

APi + APs = AP^ + AP, ; .■- P,P, = P,P, ; 

also P,P4=p3p3; or the two adjacent sides intercept the 
same portion of the asymptotes as the remaining two. 
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If the diagonals of the quadrilateral, meet the asymptote 
ill Q^.Qi-, then ^P, + ^/"s = ^Qs + ^Qi : or PiQ^ = I\Q,; 
similarly /"^Q^ = P^^- 

58. If a and/= 0, e^c^ = c^Cf In this case the axis of 1/ 
is in the curve and parallel to one of the asymptotes; and if 
the four sides and the two diagonals meet the axis of y in 
P\, P2, P3, Pi, and Qa, Qi respectively; then 

AP, . AP^ = AP. . AP, = AQ^ . AQ, ; 

and when Pj, P3 are fixed points in the axis of y, AP^.AP,, 
and ^^3 , AQ, are invariable. 

59. If b and « = 0, the curve becomes a parabola with 
the axis of ,v parallel to the axis of the parabola ; and from 

eouations (l), (2) we have — 4- — = — + — . Hence the 
^ V ^ \ ^ m, mg j»2 ff*j 

sums of the cotangents of the angles which each pair of oppo- 
site sides, and the diagonals of a quadrilateral figure inscribed 
in a parabola make with its axis in the same direction are re- 
spectively equal. 

60. Since the form of equations (l), (2) which connect 
j»i, m^. Wig, m^ is' similar to the form of equations (3), (5) 
which connect c,, Cj, C3, c^; and the quantities are similarly 
involved in equation (4) ; if any relation be found between 
j», , m^, m^, mil a corresponding relation may be determined 
between c,, Ca, Cj, c^; and vice versS.. 

The following example will be aufiicient to illustrate the 
preceding remark. 

If two tangents be drawn to a conic section the tangents of 
whose inclinations to the axis m,, m^ are such that mitn^, or 

m, -h m^, or \- — is constant, the locus of the intersection 

of the tangents will in each case be a conic section. 

From this we may infer that if a pair of tangents meet 
any diameter at distances c^, Cs from the centre such that c.^, 
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or c, 4- Cg, or — -f — is constant, the locus of the intersection of 
the tangents will in each case be a conic section. 

61. li AMN, APQ (fig. 189) be any two chords drawn 
througli a fixed point -4 to a conic section, the straight lines 
joining the points of intersection of MP, JVQ, and of MQ, 
NP will be the chord joining the points of contact of two 
tangents drawn from A. 

Let A be taken for the origin ; and let the equations to 
AMN, MP, APQ, QN respectively be »/ + m^x = ; 

y + msX + cs = ; y + m-^x = 0; y + rUiCC + C4 = ; 

hence the equation to the conic section is 

{y + m|a;)(y + m^r) +\{y +m^x + c.^{y + TOj.* + C4) =0; (l) 

and in order that this may be identical with the given equation 
to the conic section ay* + hmy + cai^ + dy + e.c +/ = ; we 
must ha-ve aA(c£ + c,) = d{l + X) ; 



oX(c,«., + »,™,) - «(1 + A) ; a\c,c, ./(l 


+ X) 


lid m, m, e 




It for the intersection of j/ + m.^a/ + c^ = ; j^ 4 » 
; have 


n,a) + 


11 1\ (m^ mA d e 
- + - W + — + — * + 2 = 0, or - ;/ + J.- 


,.. 



bence the second and fourth sides intersect in the straight line 
dy -^ e/e + 2f =0, which is independent of m,, ^3 ; and since 
equation (l) will equally represent the equation to the conic 
section when y + m^ai + c^ = 0, y + m^ie + Cj = are the equa- 
tions to NP, MQ ; the locus of S the intersection of MQ, NP 
is the straight line dy + e.u + 9/= ; and the locus S of the 
intersection of MP, NQ is the same straight line; therefore 
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dy + em +■ 2/= is the equation to the straight line joining 
n and S. 

Since SS is independent of the position of JMN, and 
APQ, let P and Q move up to T, and .1/ and A^ to T', so 
that JT", AT are tangents drawn from A; then J3/P, iVQ 
become coincident with the chord of contact TT' ; and since 
they always meet in the same straight line, RS must be the 
chord of contact of two tangents drawn from A. 

The equation to the chord of contact of two tangents 
drawn from Ais dy + eso + 2/= 0. 

62. Since RST" will be the same straight line in whatever 
direction the lines AMN, APQ be drawn ; let AP'Q' be drawn 
very near JPQ; then PP', QQ' are ultimately tangents at 
jP and Q ; but PP', QQ' will intersect in the chord of contact 
RSi hence a pair of tangents at the extremities of PQ will 
meet in the chord of contact of two tangents drawn from A. 

63. If a pair of tangents be drawn at the extremities of 
two chords PQ, MJV passing through A, the straight line 
joining the points of intersection of each pair will be the chord 
of contact of two tangents drawn from A. 

64. AVhcti tangents are drawn from A, the chord of con- 
fact is ES passing through S ; similarly when tangents are 
drawn from Ji the chord of contact is AS passing through S; 
hut when pairs of tangents are drawn from any point in AK, 
the chords of contact will all pass through the same point ; 
hence the chords of contact will all pass through S. 

Conversely if pairs of tangents be drawn at the extremities 
of any chord passing through S, they will intersect in the line 
AR. 

65. The line joining the points of intersection of pairs of 
tangents at the extremities of the chords JWQ, NP is AR; 
hence MP, NQ, and also MN, PQ meet in the lino joining 
the points of intersection of pairs of tangents at the extremities 
of the chords MQ, NP. 

Q 
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2i2 GICOMETEICAL PROBLEJie. 

66. To draw a pair of tangents to a conic section from 
a given point A without it ; and also to find the chord of 
contact. 

Through A draw any two chords AMN, APQ; join MP, 
JVQ intersecting in M; join MQ, l^P intersecting in S ; then 
SS is the chord of contact of a pair of tangents drawn from 
A; and if JIS meet the conic section in the points T, T' % 
AT, AT' will be the tangents required, 

67. To draw a tangent at a point A in a conic section. 

Through A draw any line CABD to cut the curve (fig. 
190) ; find the chords of contact PQ, RS of pairs of tangents 
drawn from two points C, D without the conic section ; let 
QP, SR intersect in T; join TA, this will be the tangent 
required. 

Since the cliords of contact of pairs of tangents drawn 
from any point in CD pass through the same point, the point 
T is the intersection of all chords of contact ; and when tan- 
gents are drawn from points indefinitely near A and B, the 
chords of contact approach to the tangents at A and B ; and 
since the chords of contact always pass through T, the tangents 
at A and B pass through T; hence TA ia a tangent at the 
point A. See also Art. 89. 

It may be observed that the tangents have been drawn by 
simply joining points ; so that the compasses are not required. 

67. (a) Let A, B, C, D, E (fig. 213) be five points in 
a conic section ; produce BA, CD to meet in H, AD, BC to 
meet in K ; and let AC, BD meet in L ; join HK, HL, KL ; 
then the tangents at A and C meet in IIK. (Art. 64.) 

Similarly if EC, AD meet in K\ and CD, EA meet in 
H' ; the tangents at A and C meet in H'K'. 

Hence if HK, H'K' intersect in T, TA, TC wiU be tan- 
gents at the points A and C. 

Again, the tangents at A and D meet in HL ; and the 
tan^^ents at A and B meet in Kl. ; hence if TA meet in HL, 
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KL in T, T" ; TA, T'D will be tangents at A axiA D\ and 
T'J, T"B tangents at A and B : and four tangents TA, 
T"B, TC, T'D have been drawn at tbe points A, B, C, D 
of the conic section which passes through tbe five points J, 
B, C, D, E. 

68. If RST be the chord of contact of a pair of fan- 
gents drawn from a point A without a conic section (fig. 189) ; 
AMN any chord passing through A, S any point in BT"; 
join NSP; then AP, MS will intersect in a point Q in the 
conic section, and tlie locus of Q will be the same conic section. 

69. If M (fig. 191) be the vertex of a parabola whose 
axis is MS ; and AM = MB ; draw BSTR perpendicular to 
MB; then BR is the chord of contact of two tangents drawn 
from A ; and since AM does not meet the curve again, SP 
must be drawn parallel to AM; and the locus of the inter- 
section of AP, MS will be the parabola MP. 

70. If PAC, PDB (fig. 192) be drawn to the extremities 
of the axis JB of a conic section from any point P in a straight 
line PH perpendicular to the axis, Z>C will meet JB in a fixed 
point F. 

Let DA, BC meet in G ; then GF is the chord of contact 
of a pair of tangents drawn from P; and the chords of contact 
of pairs of tangents drawn from any point in PE will pass 
through a fixed point in the axis AB ; hence the point F is 
fixed. 

(2) If a pair of tangents be drawn from G, PF will be 
the chord of contact, and since it passes through F, G i& a 
point in PE ; hence DA, BC intersect in PE. 

(3) If BC be produced to meet PE in G, and DG be 
joined it will pass through A. 

71. If the curve AD is a parabola, we must suppose B 
removed to an infinite distance ; in which case PD, GC become 
parallel to the axis ; hence if from any point P in a line PE 
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244 GKOMETKLCAL PROBLEMS. 

perpendicular to the axis of a parabola, PAC be drawn through 
the vertex, and PS parallel to the axis; DC will meet the 
axis iu a fixed point F. In this case JF = JE. 

(9) If CG be drawn parallel to the axis, BG will pass 
through A. 

12. If A he removed to an infinite distance PQ, MN 
(fig. 189) become two parallel chords; and MP, NQ, as well 
as MQ, NP will always intersect in a straight line, which will 
be a diameter to the chords. 

73. If AMN, AFQ (fig. 189) be any two lines drawn 
through A to meet a surface of the second order in M, JV, 
and P, Q respectively ; the intersection R o? MP, NQ will be 
in the plane of contact of the enveloping cone whose vertex 
is A ; and the locus of R will be the plane of contact. 

For the section of the surface mads by the plane passing 
through APQ, AMH wiil be a conic section, and the locus 
of R will be the line of contact of two tangents drawn to the 
conic section from A -, and this will be a straight line on the 
plane of contact of the enveloping cone whose vertex is A ; 
and the same will be true when the lines AMN, APQ are 
drawn through A in any other direction ; hence the locus of 
R is the plane of contact. 

In like manner it may be proved that the locus of iS" the 
point of intersection of MQ, NP is the plane of contact of the 
enveloping cone whose vertex is A. 

74. If a hexagon be inscribed in a conic section, the 
points of intersection of the opposite sides will all lie in the 
same straight line, (Pascal's hexagram). 

Let the sides of the hexagon ABCDEF (fig. J94) taken 
in order be represented by a, /3, 7, ^, e, ^; and let their 
equations be respectively 
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APPENDIX ir. 

also let «i = be the equation to the > 
the equation to the conic section ; hence 

.-. (w,«^ ~ m^Wj) U = X^UiiU^u^ - \UpUgU^. (l) 

If u^ and Us = 0, the values of x and y will be the co- 
ordinates of the point of intersection of the sides a and ^ ; and 
from equation (I), (m^u^ — m^u^) f = ; but U cannot = 0, 
since the intersection of a and B is not a point in the conic 
section; .■. miU^ — m^u^ = ; or a and S intersect in the 
straight line whose equation is W'^u^ — maU^ = 0. 

Similarly, if in equation (l) we put u^ and m, = 0, the 
lines ^ and e intersect in the straight line mtUy — m^u^ = 0. 

Now m,ziy — maU^= is a straight line passing through 
y, i^; hence the intersections of a, ^; /3, e; "y, ^ lie in the 
same straight line whose equation is )»jM^ - m,^u^= 0. 

(a) If the six chords of the conic section be taken in the 
order AB, BE, ED, DC, CF, FA, it will appear that the 
intersections of AB, CD ; BE, CF; ED, FA are in the same 
straight line. Hence BE, CF intersect in cf. 

Similarly AD, BE intersect in eb ; and AD, CF in ad. 

In like manner by varying the order of the points A, B, 
C, D, E, F, we may iind several series consisting of three 
different points which lie in the same straight line. 

75. The three diagonals of a hexagon circumscribing a 
conic section meet in the same point. (Brianchon's theorem). 

Let ABCDEF (fig. 170) be the hexagon ; a, b, c, d, e, f 
the points of contact ; then (Art, 63) AD is the chord of 
contact of tangents drawn from a the intersection of dc, af; 
similarly BE, CF are the chords of contact of tangents drawn 
from a", a" the intersections of de, ab ; and ef, cb respectively; 
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and «', a", a" lie in the same straight line (Art. 74) ; tlicre- 
fore AD, BE, CF meet in the same point. 

76. Let JBCD (fig. J9r>) be a quadrilateral figure in- 
scribed in a conic section, this may be considered as a hexagon 
whose sides at the points A, C vanish, and are in the directions 
of the tangents at A and C; then since the opposite sides of 
the hexagon intersect in a straight line, if JB, DC be pro- 
duced to meet in E, and AD, BC to meet in F, the two 
remaining sides of the hexagon, viz. the tangents at A and C 
will intersect in the line EF. 

Similarly the tangents at B, D intersect in the line EF. 

If the lines inscribed in the conic section be taken in the 
order ABDCA, and the tangents at A and D be considered 
as two evanescent chords passing through A and D ; then the 
intersections of AB, DC; BD, AC; and the tangents at A 
and D will meet in a point ; or the tangents at J and D will 
meet in EG. 

Similarly, the tangents at B, C meet in EG. 

These properties have been already proved (Art. 63). 

77. Let ABCD (fig. IS.'i) be a quadrilateral figure cir- 
cumscribing a conic section, and touching it in the points ra, b, 
c, d; 

(1) The quadrilateral figure may be considered as a 
hexagon whose angular points are A, a, B, C,c, D\ in which 
case the three diagonals AC, BD, ac meet in a point. 

(2) Let A, B, b, C, D, d be considered the angular 
points; then the three diagonals AC, BD, bd meet in a point. 

Hence ac, bd pass through the intersection of AC, BD. 

(3) Let A, a, B, b, C, D be considered the angular 
points ; then Ab, Ca, BD meet in a point. 

Similarly, A c, BD, Cd meet in the same point. 
And in the same manner it may be proved that Be, Db; 
and also Bd, Da intersect in AC 
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78. If a triangle ABC (fig. 196) be described about a 
conic section, and touch it in the points a, b, c, since JBC 
may be considered as a hexagon whose angular points are 
A, c, B, a, C, b; the diagonals Aa, Bh, Cc intersect in a 
point. 

Hence if a conic section inscribed in a triangle touches 
two sides BC, AC in the points a, b; join Aa, Bb to meet in 
TJ; and produce CD to meet AB in c; c will be the point of 
contact of the side AB. 

79. Let a, b, c, d (fig. 105) be the points of contact of 
a quadrilateral figure ABCD circumscribing a conic section ; 
produce AB, DC to meet in E% AD, BC to meet in F; also 
let AC, BD meet EF in H and K respectively ; and let AC, 
BD intersect in G. 

(1) ab, dc, (Art. 63) intersect in the line joining the 
points C, A of intersection of the pairs of tangents at the 
extremities of the chords be, ad; hence ab, dc intersect in 
AC. 

(2) ab, dc intersect in the line EF joining the points 

F, F of the intersection of the pairs of tangents at the ex- 
tremities of the chords «c, db (Art. 65); hence ab, dc intersect 
ml£. 

Similarly ad, be intersect in S^. 

(3) ac, bd (Art. 64) will meet in the line AC joining the 
points of intersection A, C of the pairs of tangents at the 
extremities of the chords ad, be. 

Similarly ae, bd meet in BD; hence ac, bd will meet in 

G, the point of intersection of AC, BD. 

80. A conic section is to be inscribed in a quadrilateral 
figure ABCD (fig. 105) so as to touch the side AB in a; to 
find the points 6, c, d of contact with the three remaining sides. 

Join AC, BD meeting in G; let AB, DC meet in E ; 
and AD, BC in F ; produce AC to meet £F in S"and aG to 
meet DC in c ; join Ma, He meeting BC, AD respectively in 
b, d; and the points ^5 c, d are determined. 
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81. When a pentagon is described about a conic section 
to find the five points of contact with the ddes. 

Let ABCDE (fig. 197) be the pentagon, and a the point 
of contact with the side AB which it is proposed to determine ; 
then Aa, aB, BC, CD, DE, EA maybe considered as the 
six sides of a circumscribing hexagon; and the three diagonals 
Da, AC, BE meet in a point. Hence join BE, AC, meeting 
in G; draw DG meeting AB in a; then a is the point of 
contact with the side AB. In like manner the points of 
contact with the remaining sides may be determined. 

82. Having given five points A, B, C, D, E of a conic 
section, to determine a sixth point in any given direction DE 
passing through one of the given points. 

Let F (fig. 198) be the sixth point which is to be deter- 
mined ; then ABCDFE is a hexagon inscribed in a conic 
section ; and the opposite sides BA, DF; AE, CD ; and BC, 
FE meet in three points K, K", K" which are in the same 
straight line. Hence produce BA, DF to meet in K ; CD, 
EA to meet in K', and let CB meet K'K in K" ; draw K"E 
meeting DF in F; f is a point in the conic section. In 
like manner a point of the conic section may be determined in 
any other direction passing through D ; and the conic section 
can be traced by a consecutive series of points. 

S3. To determine geometrically the centre of a conic 
section which passes through five given points. 

Through any given point as D, draw (Art. 82) a chord 
DF in a direction parallel to BC ; bisect DF, BC : the line 
joining the middle points will pass through the centre. Si- 
milarly, find a chord DG parallel to EA ; the straight line 
joining the middle points of DG, EA will pass through the 
centre, and the intersection of the two diameters will be the 
centre required. 

Cor, If the two diameters are parallel, the centre is at 
an infinite distance and the curve is a parabola. 

84, To find geometrically a consecutive series of points 
in a conic section which shall touch five given straight lines. 
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Find (Art. 81) the five points of contact J, B, C, D, E 
with the five given straight lines; and determine (Art. 82) a 
consecntivo series of points in the conic section which shall 
pass throngh the live points A, B, C, D, E. The centre 
may also be determined by Art. 83, or Art. 31. 

85. Find a consecutive series of points in a conic section 
which shall pass tlirough three given points, and touch a 
straight line in a given point, (fig. 199.) 

Let A be the given point in the given straight line AK' % 
B, C, D the three given points ; BE the direction of a chord 
passing through B ; E a, point in the conic section, which it is 
proposed to determine ; then ABECD may be considered a 
hexagon inscribed in the conic section, whose sides are the 
evanescent chord at A iu the direction of the tangent AlC, 
AB, BE, EC, CD, DA; and since the opposite sides meet in 
a straight line, if JB, DC meet in K, and BE, DA in JC", then 
the tangent at A and CE will meet in J{' a point in KJC" ; 
hence produce AB, DC to meet in K^, DA, BE to meet in 
K", and let the tangent AK' meet KK" in K' ; join K'C, it 
will cut BE in the required point E. And in like manner we 
may find a point in the conic section in any other direction 
di'awn from B, 

86. Find a consecutive series of points in a conic section 
which shall touch four straight lines, and one of them in a 
given point. 

Find (Art. 80) the three points of contact B, C, D of the 
remaining sides ; and determine a series of points in the 
conic section which shall pass through B, C, D; and touch 
the first side in the point A. (Art. 85). 

87. Find a consecutive series of points which shall touch 
three given straight lines AB, AC, BC; and two of them BC, 
CA in given points a, b, (fig. 200.) 

Find (Art. 78) the point of contact e with the side AB; 
and let erf, be the direction of a chord of the conic section 
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which passes through c ; produce ba, cd to meet in E ; join 
EB and let be meet EB in F ; then if d be a point in the 
conic section, cdab may be considered as a hexagon inscribed 
in the conic section, whose sides are the evanescent chord at c 
in the direction cB; cd, da, the evanescent chord at a in the 
direction Ba, ab, be; and the points of intersection of the 
opposite sides are in the same straight line; hence be, ad meet 
in EB; therefore produce be to meet EB in F; join Fa, 
which will intersect cd in the point required. 

88. Find a series of points in a conic section which shall 
pass through a given point C; and touch two given straight 
!ines OA, OB in given points J, B, (fig. 201). 

Let AD be the direction of a chord of the conic section 
through A ; D the extremity of the chord which is to be 
determined ; then ADCB may be considered a hexagon in- 
scribed in the conic section whose sides are the tangent at A, 
AD, DC, CB, the tangent at B, and BA ; and the opposite 
sides meet in the same straight line. Let CB meet OA in K, 
and AD meet OB in K' ; then DC will meet AB in the line 
KK'; hence produce AB to meet KK' in K", join K"C 
meeting AD in D ; then D wiil be a point in the conic 
section. 

8Sf. Having given five points A, B, C, D, E, to draw a 

tangent at A to the conic section which passes through them, 
(fig. 202). 

Since ABCDE may be considered as a hexagon inscribed 
in a conic section whose sides arc AB, BC, CD, DE, EA 
and the tangent aX A; K, K', K" (the points of intersection of 
AB, DE ; BC, EA, and of DC and the tangent at A) lie in 
the same straight line; hence join KK', and let DC meet KK' 
in K", K"A will be the tangent required. 

The construction here given is more simple than that in 
Art. 67. 

90- When a conic section passes through five given points 
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jI, B, C, D, E; find the extremities of the diameter to which 
a chord AF drawn from ^ in a given direction is an ordinate. 

Find F (fig. 203) the extremity of the chord AF (Art. 82) ; 
and the centre of the conic section (Art. 83) ; bisect AF in 
G; draw a tangent AT aX. the point A (Art. 89); and draw 
OG meeting AT in T ; then OGT is the direction of the 
diameter to AF ; and if OD' = Od' be taken a mean propor- 
tional between OG and OT, D', d' will be the extremities of 
the diameter. 

91. Find the extremities of the diameter which i 
to AF, or conjugate to D' d'. 

Through the centre O draw OK parallel to AF ; and 
from E one of the given points, draw D'E, d'E meeting OK 
in II, K; take OL = Oi a mean proportional between OH 
and OK ; then (Art. 51, 3) L and I will be the extremities of 
the diameter. 

93. Find the extremities of a chord Gil drawn in any 
given direction. 

Through the given point A, (fig. 204) draw the chord AF 
parallel to GH (Art. 82) ; draw the diameter D'^ to which 
AF is an ordinate (Art. 90), and let it meet GH in M; take 
E one of the given points, and join D' E, d'E meeting GH in 
K, L ; take MH = MG a mean proportional between MK and 
ML ; then (Art. 51, S) G, H are the extremities required of 
the chord GH. 

93. Having given two semi-conjugate diameters CP, CD 
of a conic section, to determine the magnitude and position of 
the axes. (fig. 905). 

Let a A be the axis-major; CP, CD the given semi- 
conjugate diameters ; draw PT parallel to CD which is there- 
fore a tangent at P ; 

let CP = d, CD = b', lACP=e, lCPT= ^PCD' = a; 

then b'cosia -6) = |«'sin0; 
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V sin (a - 6) = - «' cos Q ; 




.-. 6'^sin9(a-e) = a'=sin2 0; 


™le Pi=-5! 


^raw PE making lEPT' = iCPT; and i 


join CE; then ^CPE = tt - %a.; and il 


F I PCE = (p . 


^7'£C=2a -^; 




P£ 6'^ fijn0 sin 2 


.-. .J) = 20; 


■■ PC ~ <i'^ '^ sin(2«-0) "" sin{9a-26')' 


or C-i bisects angle PCE. 





CP- 
Hence make lTPE=£CPT\ and PE = --—■, join 

C'£, and bisect Z PC^, tlMs will give the direction of the 
axis-major. 

The axis-major CA always falls within the acute angle 

PCD' ; for tan . tan (« - ^) = — ; 

.-. tan {a-O)^ ^' tan {^-o)< tan ( J - s) ; 

hence a < — ; since 9 may be taken < — . 
2 -^ 2 

Draw CB, Pjl/ perpendicular to CA, and PA^ perpen- 
dicular to CB ■■, then if the tangent at P meets CA, CB in 
P', P; CA, CB are mean proportionals between CM, CT' i 
and CJV", CT. 

To find the foci, take BS, BH=CA; and ^, H will be 
the foci required. 

94. Find the magnitude and position of the axes of the 
conic section which passes through five given points. 

Find a pair of conjugate diameters D'd', LI (fig. 20S) 
(Arts 90, 91) ; and thence Art. Q3, the axes and the foci of the 
conic section may be determined. 

Cob. AVhen the curve is a parabola, the vertex and focus 
may be found by Art. 37. (7) 
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95. Having given five points, draw a tangent to the conic 
section which passes through them, from a given point without 
it. 

Let H (fig. 206) be the given point without the conic 
section ; A, B two of the given points ; join HJ, HB ; and 
find Ft G the extremities of the chords (Art. 82); join BA, 
G^ meeting in K ; and ^G, BJ" meeting in L; then KL is 
the chord of contact of a pair of tangents drawn from H 
(Art. 6l) ; find P, Q the extremities of this chord (Art. 92) ; 
and HP, HQ will be the tangents required. 

96. In like manner we may find the extremities of any 
chord, and draw a tangent from a given point either in or 
without any of the conic sections described in Arts. 84 — S8 ; 
and also find the magnitude and position of the axes, since in 
each case we are enabled to determine five points of the conic 
section. 

97. To inscribe geometrically in a given conic section a 
triangle whose three sides shall pass through three given points 
A, B, a 

If from any point P in the conic section P«i, Pb^ (fig. 20?) 
be drawn through A, B ; then the straight line a^bi will 
always touch a conic section. (Appendix i. Art, 5). 

Let a^b„ a-^b^, a^b-i, a^b^, a^b^, be any five positions of 
this line; and from the given point C draw two tangents 
CED, Ciy.E' to the conic section which touches them (Arts, 
95, 96) ; let these tangents meet the given conic section in the 
chords DE, D'E' respectively, join BAF, EBF; 0AF', 
E'BF'; then DEF, D'E'F' will be the two triangles inscribed 
in the conic section whose sides pass through the three given 
points A, B, C. 

98. In a conie section which passes through five given 
points, it is required to inscribe a triangle whose sides shall 
pass through three given points A, B, C. 

Let P be one of the given points ; through A, B, draw 
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the chords Pa^, Pbi (Art. 82); join Oifci. Similarly, we can 
determine a.^b^, a^bs, a-ib^, a^b^ by taking the four remaining 
points instead of P; from C as before draw the two tangents 
CED, C'D'E' to the conic section which touches the five lines 

a,bi, a-ibz, asbs, a^ftj, 0565 ; 
find D, E, D', E' the extremities of the chords CED, C'D'E' 
(Art, 99) ; join DA, EB meeting in F ; and D'A, E'B meeting 
in F' ; DEF, D'E'F' will be the two triangles required. 

99. In like manner we may inscribe geometrically a 
triangle whose sides shall pass through three given points, in 
any of the conic sections enumerated in Arts. 84. — 88, although 
the conic section itself is not traced, 

100. To inscribe in a given conic section a polygon 
whose n sides taken in order shall pass through n fixed points, 
A„ A,.. .A,. 

If (n — 1) sides of a polygon taken in order pass through 
(n - 1) fixed points, the «"" side will always touch a conic 
section. (Appendix i. Art. 6). From any point P in the 
conic section let a polygon be formed whose sides successively 
pass through A,, A^.-.A^.i, and let o, &, be the position of 
the w"" side; in like manner let a^b^, a^h., a^bj, a-^b^, be four 
more positions of the m**" side, and from A„ draw as in Art. 97) 
two tangents B„5„_„ B'„S'„_, to the conic section which 
touches the (\v& lines ttifij, aj/i, <fsb-, aj>i, a^b^; these will be 
the n^ sides of the two polygons which can be inscribed in the 
conic section so that its sides may pass through the n given 
points; draw B„^iBa-3 through A„^i, B^^^B^^s through 
J„„2 &c., 53B3 through ^3, BsBi through A.^; then B|B„_i 
will pass through A^, and B,B....B„; B'iB/...B^' will be the 
two polygons required. 

101. Since the construction can be completed as in Art. 
9S, when only five points of the conic section are given, or in 
any of the conic sections described in Arts 84 — 88, we are thus 
enabled to inscribe in any of the above cases a polygon whose 
n sides taken in order shall pass through n fixed points, 
although the conic section itself is not actually traced. 
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102. To find under what limitations the problem is 
possible. 

Since the m.*'' side which passes through A^ is a tangent to 
the conic section which touches ffli&i, a-ibi... aj)^; if A„ be 
without this conic section, we can draw two tangents, which 
will give two polygons. 

If A„ is a point in the conic section, there will only be one 
tangent, and only one polygon can be described. 

If A„ is within the conic section, it is impossible to draw 
a tangent from A„, and the problem is impossible. 

Hence if A be the point of contact with dj 5,, and AA„ be 
drawn, find B the extremity of the chord AA^ ; and there will 
be two polygons, one polygon or none according as A„ falls 
beyond B, upon B, or within B. 

103. (a) If two chords AB, AC (fig. 208) be drawn 
from a point A in a curve of the second order equally inclined 
to a given line AD, the line joining the extremities B and C 
will always pass through a fixed point. (Senate House Pro- 
blems, No. 15, Thursday, Jan. 7, 1847, 1...4.) 

Let AD be the axis of w % then if y - m^w = ; 

y + MJjii? 31 ; y — m^o! = 0, and y — mfX — c,j = 0, 

be the equations to AB, AC, the tangent at A and BC re- 
spectively, the equation to the conic section is 

{y - m^«')(.y + Wi,if) + \{y - m^a>)(y - m^w - c,) = ; 

or (l+X)s'-\(»M2+wiJ,'ui/+(A,wiam4-)w/),r^-XCjj/+\»j3C4a?=0; 

and if the equation to the conic section be 

ay''' + bxy + cv" + dy -i- ex = 0; we have 

Xc, d d \m^Ci e 

—- = 7 ; or c^= y (m^ + m^) ; and — - — = -- ; 

X(»ia + mj) b b —KCi a 
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therefore the equation to CB becomes y+7 = ^i\''' + 'z]^ 
which is the equation to a straight line passing through a fixed 

d e 

iioint whose co-ordiuates are ; . 

h b 

Let the angles BAD, CJD be indefinitely diminished ; 
then CB ultimately becomes a tangent at D; hence the chord 
CB always passes through a fixed point in the tangent at D. 

(/3) If JD be a chord of a surface of the second order ; 
let any plane pass through AD^ and let two chords JB, AC 
be drawn in the plane section (which will be a curve of the 
second order) equally inclined to AD ; the lines joining B and 
C will all pass through a point in the tangent, at D to the 
plane section, which will be a line on the tangent plane to the 
surface at Z>. 

Hence the lines similarly drawn in different plane sections 
will intersect in a series of points on the tangent plane to the 
curve surface at D. 

If four lines AB, AC; AB', AC' be drawn in two dif- 
ferent plane sections, BC, B'C are two lines in different 
planes; and if they meet at all they will meet in some point 
in the intersection AD of the two planes. 

Hence all the possible intersections of the chords passing 
through the points B, C so drawn that AB, AC may be 
equally inclined to a fixed chord AB in a surface of the second 
order, will be a plane curve on the tangent plane to the 
surface at the point D, and the line AD. 

104. Let AD be a fixed line, AC, AB two lines equally 
inclined to AD ; BC the chord joining the points B, C ; B'C' 
any other position of BC ; produce BC, B'C' to meet in E; 
DE will be a tangent at the point D ; which may be drawn 
at a given point Z> in a conic section. 
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105. If -iJ-S, AC be two chords of a conic section, to find 
tlie condition that BC may pass through a fixed point. 

Let y + Mi^ = ; y + rn^on = ; y + me/e + c^ = ; and 
y + m^ai = 0; be the equations to AB, AC, BC and the 
tangent at A respectively ; then the equation to the conic 
section is 

(y + m^x) {y + m^o)) + X (?/ 4- m^a! + c^) {y + «»,,«) = ; 



and making thia 
ay^ + bxy + cto^ ■ 



cide with the equation to the conic section 
/ + ea; = , we have 



« I (ffj, + ?»,) + \ (m, + mj } = * (i + X) 

a {m^m-), + Xm,*w^) = c (! + X) 

aXo, = (?(! +X) 

aXCgm^ = e (i + X} 






(twi H 



».) 






Hence if m,ma, or m^ + wjj be constant ; we liave an 
equation of tlie form /3 + m.^a + c^ = 0, wliere /3, ft are con- 
stant ; and tiie line y + m.jX + c^ = passes tiirougli a fixed 
point a, /3. 



Let /3 4 



(jft + Cj = 0, be the general equation connecting 
lac, \ e ic, + li\ cc, 

""•'•'[-ir-']--A~irl-^- 

■!, + li lie. 



(» + »..) R--1 
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and eliminating c^, an equation of the form 

is determined where J, B are constant. 

If this relation holds, the line BC will pass through « 
fixed point ; 

,-. (m, - A) (tos - A) is constant, 

or fi- -^) a -^)i. constant. 
U, BJ \nh B) 

If B = 0, _ + — is constant. 
Mil ^h 

106. If the angle BAC be a right angle, wiimj = - I ; 
and BC will pass through a fixed point. 

To find the position of the fixed point; let C approach 
to A, then AC becomes a tangent, and AB a normal; hence 
CB becomes a normal, and the fixed point lies in the normal. 

107. To draw a normal to a conic section from a given 
point in the curve. 

Let A be the given point (fig. 209) ; draw any two chords 
AB, AB'; and AC, AC at right angles to AB, AB' re- 
spectively; join BC, B'C meeting each other in 0; then AO 
will be a normal at the point A. (Art. lOfi.) 
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APPENDIX in. 



1. If C'V (fig. 214) be a given chord in a circle, it is 
required to draw through a given point G a chord CGL 
equal to C"£', 

Let be the centre of the circle ; draw OH perpendicular 
to C'U ; with centre O and radius OH desciibe a circle ; from 
G di-aw CGML touching this circle; then since CL and C'U 
are equally distant from the centre, CL = C'i', 

There will be two positions of CGML corresponding to 
the two tangents through G- 

2. If FQ, FR (fig. 214) be two fixed lines; and from 
any point K' in a circle C'K L\ K'C, K'L' be drawn parallel 
to FS, FQ respectively ; then C'L' will be constant for all 
positions of F. For /: C'K'/.' = /. QFR and is constant ; 
hence C'L' is constant. 

3. In a given circle, it is required to inscribe a triangle 
so that its three sides may pass through three fixed points 



Let ABC (fig. 215) be the triangle required, whose three 
sides AB, BC, CA pass through the three fixed points P, Q, R 
respectively; join UP; produce it to F so that 

FP .PR = AP.PB; 

join FQ, and make QG . QF = QC . QB ; produce BF lo K ; 
join CK, KL\ then since a circle may be described about 
B, F, A and .ff, 

z JRP = /- ABF = I ABK = i ACK ; 

hence KC is parallel to FR. 
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may he describpcl about the points 



Again, since a 
C, G, F, B, 

i. BCG ^ £ BFG = 2 right angles = z KFQ + i BFG ; 
.-. z KFQ = L BCG = z BCL = z BKL ; 
hence ^t is parallel to FQ ; but when K' is any point in the 
circle and K'C, K'L' (fig. 214) are drawn parallel to FR^ FQ, 
C'V will be constant (Art. S) ; hence if through G the line 
CGL be drawn equal to CL' (Art. t), the point C will be one 
of the angular points of the triangle ; through Q draw QCB, 
and through /'draw BPA; join AC, then JBC will bo the 
triangle required. 

The two positions of CGL will give two triangles which 
satisfy the conditions of the probJeni. 



If OG be less than OH, the point G falls within the 
whose radius is OH i and the problem is impossible. 



rcle 



4. To inscribe geometrically a triangle in an ellipse whose 
three sides shall pass through three fixed points. 

This problem is reduced to that of inscribing a triangle 
in the circle described upon the asis-majjor. (App. i. Art. 3.) 

5. To inscribe geometricany a triangie, in a hyperbola, 
whose sides shall pass through three fixed points. 

From Appendix i, Art, 4. we have, 

(f[ + «.,) t, t, - "-h, (?, + Q + <J.,-a = 0. 

JLet Ofl = — ; jj^ = Y «;, ; 
then (_a -l- a^) t, t^ - fi^ (t, + f_) + (a - a^) = 0. (l) 



nilarly, if «j = — ; /5j = y ctb ; 



:; A-x".! 



jhavB (<j+o,)i,t, -ft((, + t,) + (n -a,) ---0; (S) 
(a + a,)f,t,-/3,((, + «+(»~r., )..(>; (3) 
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Al-PENIHX ,11. 261 

which are the equations we sbould obtain for determining the 
angular points of a triangle inscribed in a circle whose radius 
is (a) so that the three sides may pass through three points 
whose co-ordinates measured from the centre are 



hence if CA (fig. 146) be the semi-transverse axis; P an 
angular point of the triangle inscribed in the circle JPD so 
that its sides may pass through the three points above deter- 
mined; then z.ACP = 6^; and CR ~ a sec 9, => the abscissa 
of the corresponding angle of the triangle inscribed in the 
by[>erbola so that its three sides may pass through the three 
points as, b-iX a^, h^; a,, 6.- 



6. To inscribe geometrically in a parabola, a triangle 
whose three sides shall pass through three given points. 

Substitute for »/„ j/j, y^ in equations (l), (2), (3), Art. 6, 
Append, i. the values2«(f|, ^at^, Sat^ respectively; and let 



a (a 



2 + fls 



ft-- 



a + a-i a + a^ 



.-. (a + a^) tj, - p., (t, + 4) -1- (a - a^) = 0, &c. 

hence *„ t.i, t^ are the same as for the angular points of a 
triangle inscribed in a circle whose radius is «, so that its 
three sides may pass through three fi:ied points fij, /3s ; «,, /Sai 
<X\, /3n respectively. 

Hence if E (fig. ] 5) he the vertex of a parabola ; B the 
focus; with centre £, and radius EB describe the circle 
BDA, and let C be one of the angular points of the triangle 
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inscribed in the circle BDA, so that its three sides may pass 
through three points whose co-ordinates are as, jQs; a.^, /3j ; 
Ui, /3, ; draw BF perpendicular to AB meeting AC produced 
in F; then 

z CEB = 0,, /. CAB = -' , and BF = 2 at^ = y-, ; 

or BF is equal to the ordinate of the corresponding angular 
point of the triangle which is inscribed in the parabola so 
that its sides may pass through the three given points a^, b-^ ; 

Heace in each of the three conic sections, tlic prableni is 
reduced to that of inscribing in a given circle a triangle whose 
three sides shall pass through three fixed points. 

7- From the equations in App. i. Art. 10, it will easily 
be seen (l) that when a polygon is to be inscribed in an ellipse 
so that its n sides may pass through n given points a,, 6, ; 
Oa, fes; ... a„, b„; the problem will be equivalent to that of 
inscribing in the circle described upon the axis-major, a 
polygon whose n sides taken in order shall pass through the 
n fixed points 



(2) When the polygon is to be inscribed in a hyperbola; 
let a circle be described upon the transverse axis ; and in this 
circle let a polygon be inscribed, whose n sides sliall pass 
through the n fixed points 

d' bi a" a? bs a- a' b„ a' 

(*,'?(«,' a.^ b a.^ '" a„ b a„^ 

then if P be any angular point of this polygon, as in Art. .5, 
CR (fig. 14S) will be equal to the abscissa of the correspond- 
ing angular point of the polygon which is to be inscribed in 
the hyperbola. 

(3) When the polygon is to be inscribed in a parabohi ; 
let E (fig, 15) be the vertex; B the focus; with centred 
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and radius BE describe a circle ; and in this circle let a 

polygon be inscribed wliose h sides shall pass through the n 
fixed points 

a(<,-a,) 06, _ »(»-..) .6. , a{a-.u) ub. 



let C be one of the angular points of this polygon; then, as in 
Art. 6, By will be the value of the ordinate of the correspond- 
ing angular point of the polygon which is to be inscribed in 
the parabola. 

8. When only five points of the conic section are given, 
the most simple method will be to determine the axes of the 
conic section, which will give geometrically in each case the 
circle and points through which the n sides of the subsidiary 
polygon are to pass; from whence the abscissas of the cor- 
responding angular points of the polygon inscribed in the 
conic section ; and the angular points themselves may be de- 
termined. 

For the Geometrical construction when tlie polygon is to 
be inscribed in a circle, the reader is referred to the Liverpool 
Apollonius by J. H. Swale. 
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tion of the Axes of the Conic Section, represented by the general 
equation to tlie Curve of the second order reierred to Oblique Co- 
ordinates. By Thomas Gaskin, M.A., late Fellow and Tutor of 
Jesus College, Cambridge. 

An Appendix to Goodwin's Collection of Problems 

and Examples, containing the Answers, and the Solutions of some 
of the more difficult, of the Questions 

A Collection of Problems in Illustration of the 

Principles of Theoretical Hydrostatics. By W. Walton, M.A., 
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